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Riassunto. — Lo spettro continuo di bremsstrahlung interna associato 
al decadimento 8 del ?°*T1 è stato determinato sperimentalmente per 
mezzo di uno spettrometro y a scintillazione, nell'intervallo di energie 
80 400 keV, e confrontato con le distributioni teoriche calcolate sia con 
il metodo di Knipp e Uhlenbeck, sia con quello di Nilsson, che tiene conto 
dell’influenza del campo coulombiano del nucleo sul decadimento £. Tale 
influenza è dimostrata, nel nostro caso, dal fatto che i risultati sperimen- 
tali, mentre sono in disaccordo con lo spettro teorico di Knipp e Uhlen- 
beck, si accordano invece in modo soddisfacente con lo spettro teorico 
corretto per tale effetto, almeno fino ad energie superiori a 150 keV circa. 
Tuttavia, per energie più basse si ha un evidente eccesso di fotoni anche 
rispetto allo spettro teorico di Nilsson. Ciò sembra in accordo con i risul 
tati sperimentali di Starfelt e collaboratori e con quelli di Langevin-Joliot 
relativi ad altri nuclidi. Nell'intervallo di energie considerato si è trovata 
una intensità di (1.0 + 0.1)-10-? fotoni di bremsstrahlung emessi per disin- 
tecrazione; la teoria di Knipp e Uhlenbeck prevede una intensità pari a 
0.637-10-* fotoni per disintegrazione, negli stessi limiti di energia; quella 
di Nilsson 0.789-10-? fotoni per disintegrazione. 


1. — Introduzione. 


Uno degli effetti secondari che accompagnano sempre la disintegrazione 6 
è costituito dall’emissione di radiazioni elettromagnetiche (bremsstrahlung 
interna) che si distribuiscono secondo uno spettro continuo nell’intervallo di 
energie che va da zero all’energia massima W, (in unità me?) della disinte- 


grazione. 


1 - Il Nuovo Cimento. 
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Teoricamente interessa calcolare la distribuzione spettrale di tali radiazioni, 
partendo dall'ipotesi che la probabilità di emissione di un fotone di brems- 
strahlung di energia K (in unità mc?), da parte di un nucleo radioattivo f, 
sia, in generale, funzione della probabilità di emissione di un elettrone di data 
energia W, (energia dell’elettrone in unità mc?, compresa l’energia di riposo) 
e della probabilità che tale emissione sia accompagnata dall’espulsione di una 
parte dell’energia stessa sotto forma di radiazione elettromagnetica. 

In generale si dovrà anche tener conto dell'eventuale influenza del campo 
coulombiano del nucleo sul decadimento 8 e sull’interazione elettrone-campo 
di radiazione, nonché del tipo di transizione 8, ossia della forma dello spettro 8. 

Si può, in prima approssimazione, trascurare l’influenza del campo coulom- 
biano del nucleo e considerare la probabilità di emissione di un fotone di 
energia X come prodotto delle probabilità di due eventi indipendenti: emis- 
sione di un elettrone di energia W, e irradiazione da parte di quest’ultimo di 
un fotone di energia K. Si ha quindi per tutto lo spettro di energie, indicando 
con S(K)la probabilità di distribuzione spettrale dei fotoni di bremsstrahlung: 

Ma 
(1) S(K) =| Paryour., EEO) TES 


“ 


1+X 
dove P(W,) è la distribuzione in funzione dell’energia W, degli elettroni dello 
spettro 2; (W., A) è la probabilità che un elettrone di energia W, irradi un 
fotone di energia X, ed è data, nei limiti delle approssimazioni suddette, 
dalla relazione: 


p'[W?+ wi? 
(2) DVI ee = n 


a Py e» 

con «= e/he = 1/137, costante di struttura fine p e p’ sono. rispettivamente 
gli impulsi dell’elettrone (in anita mc) prima e dopo l’espulsione del quanto; 
W.— W,— K, è l'energia dell’elettrone dopo l'emissione elettromagnetica. 

Le relazioni (1) e (2) sono alla base della teoria sviluppata da KxIPP e 
UHLENBECK (!) per transizioni $ permesse. 

CHANG e FALKOFF (?) hanno dimostrato che, nei limiti di tale teoria, le 
transizioni } proibite danno luogo a distribuzioni di bremsstrahlung interna, 
ad esse associata, leggermente diverse; le differenze non essendo tuttavia 
rivelabili sperimentalmente, nei limiti degli errori che si hanno nelle misure 
di questo tipo. 

Ove si tenga conto dell’influenza del campo coulombiano del nucleo sulla 
disintegrazione 5, secondo i calcoli eseguiti da NILSSON (3), si ottiene una distri- 


(1) J. Knipp e G. UHLENBECK: Physica, 3, 425 (1936). 
(?) C. S. CHANG e D. L. FALKOrr: Phys. Rev., 76, 365 (1949). 
(5) S. B. NILSsoNn: Ark. f. Fys., 10, 467 (1956). 
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buzione formalmente analoga alla (1): 


Wo 


(3) S(K) =| POW. Z) ©,(W., K)d W. , 


1+K 


dove P(W.,Z) è la distribuzione sperimentale (Z= 0) degli elettroni dello 
spettro f e D,(W., K) è data da: 
F(W., Z) 


4 UV ee DM EE 
(4) ®,(W., K) = D. À) Er 2 


essendo ®(W,, A) la funzione di Knipp e Uhlenbeck e F(W,, Z) la funzione 
di Coulomb nel decadimento 8. La teoria di Nilsson è stata sviluppata solo 
per transizioni f permesse. 

Sperimentalmente la distribuzione spettrale della bremsstrahlung interna 
associata ad un processo di decadimento {, si può determinare con una delle 
tecniche ormai usuali nella spettroscopia y; di particolare utilità si è dimo- 
strato l’uso dello spettrometro y a scintillazione, utilizzato per la prima volta 
a questo scopo, indipendentemente da BoLGIANO, MADANSKI e RASETTI e da 
Novey (*); tali misure richiedono particolare cura nel discriminare la brems- 
strahlung interna da rivelare, da altri tipi di radiazioni eventualmente pre- 
senti (particelle 5, bremsstrahlung esterna, effetti secondari), e nella taratura 
del dispositivo sperimentale. 

Le ricerche compiute da diversi Autori con nuclei a decadimento 5 semplice 
e ben definito danno luogo a risultati non sempre in accordo fra loro e con i 
calcoli teorici. 

Mentre da una parte i risultati di BOLGIANO, MADANSKI e RASETTI (*°P 
ely) =di Novev (22 e Rak); di Boram e Wu (PM) di RENARD (2B) 
e di MicHALOwIOZ (?2P, *Y, RaE) (4) sono in soddisfacente accordo con la 
teoria di Knipp e Ublenbeck, dall’altra LIDÈN e STARFELT (??P), STARFELT e 
SVANTESSON (2S), LANGEVIN-JOLIOT (*2P, 1#Pr, 147Pm, %S), HAKEEM e 
GOODRICK (*Y), e, infine, STARFELT e CEDERLUND (!*Pr, 147Pm) (5) giungono 
a conclusioni diverse pur usando in generale dispositivi sperimentali analoghi. 

Il confronto con le distribuzioni teoriche ottenute con il metodo di Nilsson 
è riportato da STARFELT e CEDERLUND per il 147Pm e il Pr, e da LANGEVIN- 


(4) F. BorHm e C. 8. Wu: Phys. Rev., 90, 369 (1953); 93, 518 (1954); P. BOLGIANO, 
L. MADANSKY e F. Raserri: Phys. Rev., 89, 679 (1953); T. B. Novey: Phys. Rev., 
89, 672 (1953); G. RENARD: Journ. de Phys. et Rad., 14, 361 (1953); A. Micra- 
LOWICZ: Ann. de Phys., 2, 116 (1957). 

(5) K. Lipìn e N. STARFELT: Phys. Rev., 97, 419 (1955); N. Starrett e N. L. 
SVANTESSON: Phys. Rev., 97, 708 (1955); M. A. HAKEEM e M. Gooprick: Bull. Am. 
Phys. Soc., II, 1, 264 (1956); H. LanceEvIn-JoLioT: Ann. de Phys., 2, 16 (1957); N. 
STARFELT e J. CEDERLUND: Phys. Rev., 105, 241 (1957). 
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JoLIOT per il 32P, il #$, il 14*Pr e il !**Pm. In entrambi i casi si ha un netto 
miglioramento nel confronto con i risultati sperimentali; tuttavia esso non 
è ancora sufficiente, soprattutto alle basse energie. In generale il disaccordo 
cresce al crescere di Z e al diminuire di W,. L'influenza del grado di proibi- 
zione è pure considerata da STARFELT e CEDERLUND, nell’approssimazione di 
Chang e Falkoff, ma senza risultati confortanti. D’altra parte FORD e LEWIS (°) 
segnalano che il calcolo delle correzioni coulombiane del 1° ordine non conduce 
a risultati tali da spiegare le deviazioni sperimentali osservate per il #°P e 
jUeg tl BS 

Il caso da noi preso in esame è quello del 2°*T1. A causa dell’elevato numero 
atomico e del valore non troppo grande dell'energia massima della disintegra- 
zione & (0.760 MeV), l'influenza del campo coulombiano del nucleo non può 
ritenersi trascurabile, a priori. D'altra parte la transizione f è del tipo « unique 
first forbidden » (AJ = 2, cambio di parità) (7). 

Ci è sembrato quindi di un certo interesse tentare di determinare speri- 
mentalmente lo spettro di bremsstrahlung associato al decadimento {} di questo 
nuclide e confrontare i risultati ottenuti sia con le previsioni teoriche di Knipp 
e Uhlenbeck sia con quelle di Nilsson, al fine di stabilire l’importanza nel con- 
fronto esperienza-teoria dell’influenza del campo coulombiano del nucleo e del 


tipo di transizione £. 


2. — Distribuzione teorica della bremsstrahlung interna del 271. 


Il *,, Tl decade per il 98% circa per emissione 7 nel * Pb (H,,,. —0.760 MeV) 


e, per 11.5% per cattura elettronica trasformandosi in “Hg (7). Lo spettro £ 


x 


è semplice, e nessuna radiazione y dovuta a diseccitazione nucleare è presente. 
In Fig. 1 è riportato lo spettro fs 


Ao we ) sperimentale ottenuto da DER MATEO- 
da? SIAN (7) e normalizzato ponendo 
12h 
10! Wi 
ue [eowar, he 
0.6 ì 
L 
04 
a Si ha così la distribuzione della pro- 


We 
2H? 6 “Me 


babilità P(W,) in funzione dell’energia 
W. (in unità me). Le funzioni P(W)- 
Rie. 1: ‘K-D(W.,, K) (Knipp e UHLENBECK) e 


EEE ee 
RP ET 7 00722 


(6) G. ForD e R. R. Lewis: Bull. Am. Phys. Soc., II, 1, 195 (1956). 
(€) E. DER MATEOSIAN e A. Suit: Phys. Rev., 88, 1186 (1952). 
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P(W.)--K-D,(W., K) (Nitsson), calcolate a partire dalle formule (2) e (4) 
e dallo spettro sperimentale di Fig. 1, sono riportate rispettivamente in Fig. 2 


P(We)K D (We, K) 


11107 
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0.9 
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0.05 


P 3 7 o Coe - # fs È SSL és 4 S re h 
e 3, in funzione di W, e,per vari valori di A. Per integrazione grafica di tali 


curve si hanno i vari punti dello spettro 


11107 
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in funzione di A: 
sotto forma di bremsstrahlung, per intervallo di energia me?. 


Wo 


KS(K) — | POV) K-o0W,, K)dW,, 


14K 


À (We KG; (We K) 


K=0.05 


energia (in unità mc?) emessa nell'intervallo K, K-dK, 
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Lo spettro di bremsstrahlung interna S(K) (numero di fotoni emessi per 
disintegrazione e per intervallo di energia mc?) si ottiene a partire dallo spettro 
KS(K) dividendo ogni punto per la corrispondente energia Æ. 

Gli spettri teorici S(K) e KS(K), calcolati sia con il metodo di Knipp e 
Uhlenbeck sia con quello di Nilsson, sono riportati rispettivamente nelle Fig. 11 
e 12 in confronto con i nostri risultati. sperimentali. 

L’integrale dello spettro KS(K) da 0a W,— 1 dà, in unità me?, l’energia 
totale emessa sotto forma elettromagnetica, per disintegrazione: 0.309 - 107? me? 
e 0.392-10-3 me? per disintegrazione, rispettivamente per Ja teoria di Knipp 
e Uhlenbeck e per quella di Nilsson. 

Nel calcolo dello spettro di bremsstrahlung associato al decadimento { non 
si è tenuto conto dell’influenza della bremsstrahlung interna associata alla 
attura elettronica (1.5%), dovuta essenzialmente a catture K. In effetti, 
assumendo, per l’energia di transizione per cattura X il valore 0.335 MeV (7) 
(corrispondente a 0.250 MeV come limite superiore dell’energia W, della 
bremsstrahlung di cattura), il numero di fotoni di bremsstrahlung di cattura 
per ogni cattura K è dato da (8): (x/12x)(W. /me?)? = 4.65-10-. 

Si hanno quindi, per ogni disintegrazione 8 circa 7-10~* fotoni di brems- 
strahlung di cattura, mentre la bremsstrahlung associata al decadimento 6 
è dell'ordine di 10-* fotoni per disintegrazione. 


3. — Determinazione sperimentale dello spettro di bremsstrahlung interna del ?2°T1. 


Il dispositivo sperimentale è di tipo convenzionale (4°) ed è mostrato in 
Fig. 4. S è la sorgente di “T1 (16.5 ucurie= 6.1-10° disintegrazioni al se- 
condo) la cui intensità fu misurata per confronto con una sorgente tarata 
(3.486-10? dis/s); una seconda sorgente meno intensa (2.3-10° dis/s) è stata 
utilizzata al fine di controllare l'eventuale influenza della bremsstrahlung esterna 
prodotta nella sorgente stessa. L'intensità delle sorgenti è stata determinata 
con una approssimazione del 5%. 

Il ricevitore è costituito da un cristallo di NaI(T1) Harshaw (2 cm diam x 
Xx2 cm spess.) connesso otticamente con il catodo di un tubo fotomoltiplica- 
tore DuMont 6292 scelto per la stabilità del guadagno ed il basso fondo ter- 
mico. L’anodo del fotomoltiplicatore è direttamente collegato, attraverso un 
amplificatore lineare a larga banda, ad un analizzatore di impulsi ad un canale, 
della « Atomic Instr. Co. ». 

Un canalizzatore di Pb converge le radiazioni provenienti dalla sorgente 
sul cristallo sotto un angolo solido Q/27 — 7.7-10-4 (distanza sorgente-ricevi- 


(*) K. SIEGBANN: Beta and Gamma-ray Spectroscopy (Amsterdam, 1955), p. 659: 
P. MORRISON e L. ScHIFF: Phys. Rev., 58, 24 (1940). 
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tore 18.00 cm). A metà strada tra sorgente e ricevitore ed all’inizio del cana- 
lizzatore è posta una pasticca di Be (0.36 g/(cm)?) sufficiente ad assorbire 
completamente i raggi B del ?°%TI 
(Zax = 0.760 MeV). 

La forma del canalizzatore è tale 
da rendere trascurabile il contributo di 
fotoni secondari per effetto Compton 
sulle pareti. 

La massa di Pb che circonda com- 
pletamente il ricevitore al fine di ridurre 
al minimo l’influenza del fondo esterno, 
è ricoperta, sulla superficie vista dalla 
sorgente, da uno spessore di plexiglass 
sufficiente ad assorbire i raggi 8, evi- 
tando in tal modo la produzione di 
raggi X caratteristici e di bremsstrah- 
lung esterna nel Pb. 

La bremsstrahlung esterna prodotta 
nell’assorbitore di berillio viene rive- 
lata sotto un angolo solido 2/47 = 
= 3.1-10-3. Il contributo della frazione di bremsstrahlung esterna rivelata alla 
bremsstrahlung interna si può valutare con un semplice calcolo approssimato. 

La perdita di energia per emissione di bremsstrahlung subita da un elet- 
trone nell’attraversare 1 em di materiale di numero atomico Z, peso atomico A 
e densità @ è data da (°): 


Be 0.360 gkcm;? 
ÿ Plexiglass 


Finestra di Al 
0.03 mgficm)? 


AU 0221 g/(cm) 
Al 


Cristallo NaI(TL) 
Harshaw © 2*2cm 


dE tie | 2(E+ me?) 4|MeV 
—— = 3.44:10-* (E 2) — o|4ln ——— ——|— , 
dæ da pei, A “| à me? 3| CM 


dove £ è l’energia cinetica dell’elettrone (in MeV). 

Assumendo come energia media degli elettroni provenienti dal decadi- 
mento del 2°*T1 0.260 MeV circa, e nell’ipotesi di una distribuzione isotropica 
della bremsstrahlung esterna, la frazione di energia emessa sotto forma di 
bremsstrahlung esterna ad elettrone assorbito in 0.2 cm di Be e rivelata 
sotto un angolo solido 9/47 = 3.1-10-%, è pari a circa 5-10-? MeV/elettrone. 

L'energia emessa sotto forma di bremsstrahlung interna ad elettrone è al mi- 
nimo (validità della teoria di Knipp e Uhlenbeck), uguale a 1.6-10~* MeV/elet- 
trone; la bremsstrahlung esterna rivelata sta alla bremsstrahlung interna rive- 
lata nel rapporto 5/1600 ~3-10-%. 


(9) W. HerrLER: Quantum Theory of Radiation (Oxford, 1948); H. Berne e W. 
HemrLER: Proc. Roy. Soc., A 146, 83 (1954). 
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Sperimentalmente la frazione di bremsstrahlung esterna rivelata è stata de- 
terminata nel modo seguente. La sorgente in istudio è stata ricoperta succes- 
sivamente con assorbitori di Be e di Pb sufficienti ad arrestare completa- 
mente gli elettroni del 22T1. Il numero totale di impulsi al secondo contati 
nel caso dell’assorbitore di Be era pari all’88.6% di quelli rivelati bel caso 
del Pb (fondo detratto). 

Indicando rispettivamente con R;, R,,, R,, le intensità delle radiazioni 
di bremsstrahlung interna e della bremsstrahlung esterna prodotta nel Be e 
nel Pb, si ha: 

(R; + Ra) = 0.886(k,4 R,,) . 


D’altra parte, secondo i calcoli di BETHE e HEITLER (°), confermati dal- 
l’esperienza, il numero di fotoni di bremsstrahlung esterna creati da un elettrone 
completamente assorbito è proporzionale a 0Z?/A; si ha quindi: R,,,/R,,=1.3-10. 

Ne risulta: 


R,.|R,= 15:10 


a parità di angolo solido. Tenendo conto che, nelle condizioni sperimentali 
effettive la bremsstrahlung esterna è rivelata sotto un angolo solido 4 volte 
più grande, la frazione di bremsstrahlung esterna rivelata è dunque pari allo 
0.6% della bremsstrahlung interna rivelata. 

In conclusione è lecito assumere che il contributo alle radiazioni rivelate 
dovuto a fotoni di bremsstrahlung interna è certamente inferiore all'1% e 
di esso non è stato tenuto conto nei risultati sperimentali. 

Lo spettrometro a scintillazione è stato tarato per le energie e per la riso- 
luzione, e l’efficienza del cristallo è stata determinata con un metodo che si 
è dimostrato semplice e conveniente, e che verrà segnalato a parte. Esso con- 
siste essenzialmente nel sostituire alla sorgente in studio una sfera di Al (scat- 
teratore) e nel rivelare i fotoni di scattering Compton prodotti sulla sfera e 
nella direzione del cristallo da un fascio di raggi y monocromatici (nel nostro 
caso i raggi y di energia 662 keV provenienti da una sorgente di '7Cs) fatti 
incidere a diversi angoli rispetto alla direzione scatteratore-cristallo. Poichè si 
può conoscere, in funzione dell’angolo d’incidenza, l’energia del fascio di fotoni 
di scattering, ciò permette di tarare lo spettrometro per sufficienti valori del- 
l’energia (da 190 a 450 keV nel nostro caso). Altri punti di taratura sono stati 
ottenuti con raggi X e y di isotopi radioattivi a schema di decadimento noto 
(raggi y di 93 keV e raggi X, di 51 keV del Ta; raggi y di 279 keV del Hg 
e i raggi X, di 69 keV provenienti dalle catture K dello stesso 2°*T1). In tal 
modo si è anche potuto controllare la validità del metodo suddetto. 

La tarature ed il controllo sono stati eseguiti anche per il potere risolutivo 
dello spettrometro misurando la larghezza dei vari picchi fotoelettrici a metà 
del massimo corrispondente. 
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La determinazione dell’efficienza del cristallo si effettua per confronto tra 
l’area compresa nel picco fotoelettrico prodotto dai fotoni di scattering di una 
data energia e l’intensità corrispondente, calcolata secondo la formula di Klein- 
Nishina, purchè siano note l'intensità 
della sorgente di y primari e la geo- 
metria usata. L ae 

In Fig. 5 sono riportate le effi- o 
cienze del cristallo usato alle varie oy 


A Ey(E) 


10---——- 


energie e per la particolare geometria Li? 

usata; e, ha qui il significato di rap- ter 2 È 
porto tra il numero di fotoni che F mo 200 300 400 SUIT 
danno luogo ad impulsi fotoelettrici Fig. 5. 


«contati» ed il numero corrispon- 
dente di fotoni di data energia # effettivamente incidenti sul cristallo. 

I punti sperimentalisono stati ottenuti nell’intervallo di energie (190-450) keV; 
la curva è stata estrapolata per energie inferiori tenendo conto che per fotoni 
di bassa energia (fino a circa 100 keV) e per grandi distanze sorgente-cristallo 
è certamente e, = 1, per un cristallo di spessore 2 cm. 

Lo spettro X del ?°*Tl ottenuto sperimentalmente e corretto per il rumore 
di fondo (determinato rimuovendo la sorgente) è mostrato in Fig. 6; è ripor- 
tato anche il picco a 69 keV, corrispondente ai raggi X, provenienti dalle 
transizioni di cattura K. 

Esso è stato sottratto, assumendo una distribuzione gaussiana della riga 
e tenendo conto della risoluzione dello spettrometro. Nella stessa Fig. 6 è ri- 
portata la distribuzione sperimentale, così ottenuta, corrispondente alla sola 
bremsstrahlung. Tale distribuzione è stata opportunamente corretta al fine 
di valutare lo spettro continuo di bremsstrahlung da confrontarsi con gli 
spettri teorici. Le correzioni apportate ed il procedimento usato sono ripor- 
tati qui di seguito. 


a) Risoluzione dello spettrometro. Un modo semplice per correggere lo 
spettro di bremsstrahlung interna tenendo conto del potere risolutivo dello 


spettrometro è quello segnalato da Novey (4. Si usa la formula seguente, 
dovuta a PALMER e LASLETT (1): 


N,(E)=N(E)-A:N(E)-+AN;(2)-E, 


dove N,(4) è lo spettro corretto per la risoluzione; N,(£), N;(£), N°(E) sono 
rispettivamente lo spettro sperimentale e le sue derivate prima e seconda. 
A è dato dalla relazione: 


A=0.181(AE)/E, 


(10) J. P. PALMER e L. J. LasLett: AEC Report AECU-1220, 14 (1951). 
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essendo AE la larghezza, a metà del massimo, della riga fotoelettrica prodotta 
dai fotoni di energia Z. Le correzioni così ottenute variano dallo 0.1% all'800 
circa nell’intervallo di energia compreso tra 80 e 400 keV, in cui lo spettro 
sperimentale è stato determinato. L’approssimazione con cui tali correzioni si 
possono ottenere è del 3% circa. 


Intensità (Conti fs ) 


° ° 
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° 
os 
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x 100 2 $ 
; 5, 
di 
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01 ll I Ê 
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b) Assorbimento. Il fattore di assorbimento C per fotoni in 0.360 g/(cm)? 
di Be (assorbitore dei 6) e in 0.221 g/(em)? di Al (finestra del contatore e rive- 
stimento del cristallo) è stato calcolato a partire dai coefficienti di assorbimento 
totali tabulati da C. M. Davissox (!!). Esso è riportato in Fig. 7; nell’inter- 
vallo di energia da noi considerato l'accuratezza con cui il fattore 0 può essere 
calcolato è dell’1% (11). 


(7) P. M. Davisson: K. SIEGBAHN, Beta and Gamma-ray Spectroscopy (Amster- 


) 
dam, 1955), p. 85. 
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Lo spettro corretto per Vassorbimento è dato quindi da: 


W,(E) = CN(E). 


ce) Impulsi dovuti alle distribuzioni Compton. Se N,(E)dE è il numero 
di impulsi (al secondo) prodotti nell’intervallo di energia (#, E+d£) da fotoni 
di energia compresa tra £ e E+d£, per assorbimento fotoelettrico, ad essi si 
sovrappongono un certo numero N.,(£)dE£ di impulsi di uguale energia do- 
vuti alle distribuzioni Compton prodotte da fotoni incidenti di energia 
più elevata. La frazione 
Compton per ogni pieco 124% c 
fotoelettrico di energia Id 


1.11 
è stata determinata usan- an 
do lo stesso metodo de- mì 
scritto per la determi- 
nazione delle efficienze €, da 
nell’intervallo 190 < E< *® 
< 450 keV; il rapporto 1° 
tra l’area Se(E.) della eo 100 150 200 250 300 350 400 keV 
banda Compton e l’area Fig. 7. 


S;(E.) del picco fotoelet- 

trico corrispondente, misurati sperimentalmente, dà la frazione Compton 
N (#,)/N (#,). Per energie superiori a 450 keV la curva è stata estrapolata 
tenuto conto del punto sperimentale a 662 keV, determinato misurando lo 
spettro y di una sorgente di 1?Cs. 

L'energia massima E,(£,) della distribuzione Compton dovuta a fotoni di 
energia primaria £, viene ad essere compresa tra 80 keV e 450 keV per Æ, 
compreso nell’intervallo (190 —662) keV; poichè lo spettro sperimentale è stato 
ottenuto fino a 400 keV circa, data la rapidità con cui decresce l’intensità dei 
fotoni di bremsstrahlung, il contributo Compton dovuto ai fotoni di energia 
compresa tra 400 e 662 keV è stato calcolato in prima approssimazione, estra- 
polando lo spettro sperimentale fino a 662 keV; per energie superiori il con- 
tributo Compton è stato trascurato. Tali approssimazioni non possono comunque 
contribuire in maniera importante, essendo l'intensità dei fotoni, a tale energia, 
molto piccola. Già il contributo Compton dei fotoni di 400 keV agli impulsi 
contati nell’intervallo di energia tra 80 e 120 keV è inferiore allo 0.1%. 

Lo spettro N,(#) è stato suddiviso in intervalli AZ uguali alla larghezza 
del canale usata, considerando ciascuno dei rettangoli di base AZ e di altezza 
N,(E) come un picco fotoelettrico di area N,(E)A£. IH continuo Compton cor- 
rispondente a fotoni di energia primaria compresa tra 4, e HAE e che indi- 
cheremo con N(E,)AE, Si può approssimare, con sufficiente accuratezza (12), 


(12) K. LipèN e N. SrarFeELT: Ark. f. Fys., 7, 36, 450 (1953). 


+) 
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> 


QF 


12 REAR LO GL 


con un rettangolo di base £,(£,) e di altezza N.(E,)AE/E.(E,), estendentesi 
da zero a E,(E,). 

Tale distribuzione contribuisce al numero di impulsi compresi nell’inter- 
vallo (E, H+ AEF) con la frazione: 


per E< E,(E,). 

Il contributo totale agli impulsi compresi nell’intervallo (4, E+AE), do- 
vuto a tutte le distribuzioni Compton provenienti da fotoni di Roero pri- 
maria Æ,, tale che KB) - E, si ottiene sommando tutte le frazioni N,(£)AE 
corrispondenti. Il contributo Compton N.,,(2)/N,(£) agli impulsi fotoelettrici 
di energia # è quindi dato da: 


(E) AE 
Nora (È Da B (HS 
CLÉ Me Dr +) 
N,(E) N;(B) 


In Fig. 8 è mostrato il grafico di N, (#)/N,(#) così ottenuto. 


Ctot 
Lo spettro corretto per le distribuzioni Compton è dato da: 


N,(E) = N(E){1 — [N (£)/N;(2)]} 


Ctot 


E possibile determinare il rapporto No (2)/N,(#) con una approssimazione 
dell’ordine del 10%; l’errore corrispon- 


vd Ne, (E Np CE) dente nella determinazione di V,(2) à 
o 5 . . 
sell in generale, inferiore allo 0.3% 
aE d) Backscattering. Si è proce- 
BE duto in modo analogo al precedente. 
al L'energia E,(£,) del picco di backscat- 
gle tering dovuto a fotoni di energia pri- 
E maria £, varia da 80 keV a 185 keV per 
| en 
100 200 300 Z00 kev 500 i 


E, compreso tra 120 e 760 keV (limite 
massimo dello spettro di bremsstrah- 
lung). Per energie superiori a 185 keV, 
quindi, il contributo di backscattering è nullo e per energie inferiori a 80 keV 
non ha interesse ot nostro caso. 

Il rapporto N,(£.)/N,(£,) tra il numero di impulsi di backscattering ed il 
numero di aa a prodotti da fotoni di energia primaria Æ, è 
stato ottenuto sperimentalmente come in c). | 

Ad ognuno dei picchi N,(E)AE, per Æ <185 keV, contribuisce un picco 
di backscattering N,(H#,)AH, per E, tale che E,(E,) cada nell’intervallo 


Fig. 8. 
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(E, E+AE). In Fig. 9 è mostrato il rapporto N,(£)/N,(£) che così si ottiene 
e che dà la frazione di impulsi di backscattering che si sovrappongono agli 
impulsi fotoelettrici di energia 7. 

Si ha allora per lo spettro corretto del 
contributo di backscattering: MCE) /Ny CE) 


N;(E) == N,(E):{1 Te [NV ,(2)/N (2) ]} © 


L’errore apportato dal computo dell’ef- 
fetto di backscattering è dello 0.1%,. 


e) «Escape» dei raggi X, dello Todio. La 
correzione è stata fatta seguendo il metodo 
suggerito da LIDEN e STARFELT (!2). Se N, (2) 
è lo spettro ¢ orretto per l’effetto di «escape», 
si ha: 


N,(E) — N,(E + Ex)F(E + Ex 
N; (E) =. 5 ) i ae ( | K) ‘ Fie. 9. 


dove E, è il valor medio delle energie dei raggi X, dello iodio (— 30 keV); 
F(E) è il numero totale di fotoni di «escape » per impulso nel picco foto- 
elettrico di energia H. 

Il calcolo di F(Æ) è stato eseguito tenendo conto degli effetti di « escape » 
attraverso le superficie superiore, inferiore e laterale del cristallo e dell’assor- 
bimento fotoelettrico di fotoni secondari generati nel cristallo (2). F(H) è 

mostrato in Fig. 10 in 


sa Suna 
FCE) funzione di E. 


DE f) Efficienza di rive- 

lazione y. Se e_(E) è l’ef- 

So ficienza effettiva del cri- 

stallo per fotoni di ener- 

gia E, definita e misurata 

“ie come precedentemente 
descritto, si ha: 

E 


100 200 300 400 500 500 keV 700 N,(H) = N, (B)/e,(#) . 


Fig. 10. L’approssimazione con 
cui €,(H) è stato deter- 
minato e con cui, quindi, contribuisce al computo di .N,(£) è del 5% circa. 


g) Fattore geometrico e intensità della sorgente. Lo spettro N.(£) è stato 
finalmente corretto per l'angolo solido di rivelazione, moltiplicando per 
G= 1.3-10%, e normalizzato a radiazioni per disintegrazione { dividendo per 
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l’intensità della sorgente J, ottenendo: 
N,(E) = (G/1) N,(E). 


L'errore percentuale dovuto a G e TI è del 6%. 

Infine dallo spettro N,(E) si risale allo spettro S(K) sperimentale norma- 
lizzando a intervalli di energia in unità me?. 

In Fig. 11 e 12 rispettivamente sono riportati i punti sperimentali relativi 
agli spettri S(X) e KS(K) in confronto con le distribuzioni teoriche. 


4. — Conclusioni. 


Come si vede dalle Fig. 11 e 12, nell’intervallo di energie considerato 
((0.15--0.78) me?) l'eccesso di fotoni rispetto alla curva di Knipp e Uhlenbeck è 


Teoria di Knipp e Uhlenbecx 


oF | ——— Teoria di Nilsson 


î Risultati sperimentali 


£ L 
0.1 02 0.3 0.4 05 0.6 07 mel 108 wien 


evidente, mentre, nei limiti degli errori sperimentali, vi è soddisfacente accordo 
con la curva corretta per l’effetto coulombiano del nucleo, fino ad energie non 
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inferiori a 0.28 me? (145 keV). Tale accordo viene a mancare nettamente per 
le energie più basse, dimostrando anche, nel caso del 2°TI, l'insufficienza della 
correzione coulombiana almeno nell’approssimazione di Nilsson. Tale risultato 
sembra quindi in accordo con quelli di STARFELT e coll. e di LANGEVIN-JOLIOT 


Knipp e Uhlenbeck 


— — — Nilsson 


À Risultati sperimentali 


relativi a nuclei come il “Pr e il #*Pm. Anche in questi casi si tratta di spettri 
proibiti, sebbene a forma permessa; per il ?°*T1 da noi preso in esame lo 
spettro 5 ha energia massima compresa tra le energie massime degli spettri 
suddetti (225 keV per il !14*Pm e 922 keV per il !*°Pr), ed è del tipo proibito 
con forma proibita. Se si tiene conto che anche le correzioni coulombiane nel- 
l’approssimazione di Nilsson sono calcolate per spettri permessi, non si può 
escludere, sulla base dei nostri risultati una influenza del tipo della disintegra- 
zione f} sulla distribuzione della bremsstrahlung interna, oltre che del campo 
coulombiano del nucleo. 

Nell’intervallo di energie, da noi considerato ((80--400) keV) il numero di 
fotoni di bremsstrahlung emessi a disintegrazione è pari a (1.0 + 0.1)-10-%, 
mentre la teoria di Knipp e Uhlenbeck prevede una intensità di 0,637:10-3 
fotoni a disintegrazione e quella di Nilsson 0.789-10-* fotoni a disinte- 


grazione. 
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SUMMARY 


The experimental distribution of the internal bremsstrahlung in the case of 2°*TI 
&-decay has been measured, with the help of a y scintillation spectrometer. The method 
used in calibrating the experimental apparatus and in evaluating the « true » experi- 
mental spectrum is reported. In the energy interval considered ((80 --400) keV) the 
experimental distribution has been compared with the theoretical spectra calculated 
on the basis of the *method developed by Knipp and Uhlenbeck and of the Nilsson 
method, which take into account, in first approximation, the influence of the Coulomb 
field of the nucleus. The experimental results are in disagreement with the Knipp and 
Uhlenbeck distribution and agree well with the Nilsson corrected distribution up to 
a lower limit of about 150 keV, showing, in our case, the importance of the nuclear 
Coulomb field. Nevertheless, for energies lower than 150 keV, also the corrected 
theoretical spectrum is unsatisfactory; the excess of photons in the lower part of the 
experimental spectrum is the outstanding feature of the 29*T] internal bremsstrahlung. 
This seems to be in agreement with the results of STARFELT and co-workers, and LAN- 
GEVIN-JOLIOT, for other nuclides. Owing to the fact that the Nilsson theoretical distri- 
bution is calculated for allowed transition only, the influence of the 8 spectrum shape 
(«unique first forbidden » in the case of 2°*TI) cannot be excluded. Between 80 and 
400 keV an intensity of (1.0 + 0.1)-10-* photons per disintegration has been found; 
the predicted intensities are 0.637-10-? and 0.789-10-* photons per disintegration, for 
the Knipp and Uhlenbeck theory and for the Nilsson corrected theory, respectively. 
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IL NUOVO CIMENTO Vo VIII N di 1° Aprile 1958 


Uberpriifung der allgemeinen Relativitàtstheorie 
durch Erdsatelliten (*). 


EF. WINTERBERG 


Gesellschaft für Kern-Energie - Hamburg (*) 


(ricevuto il 1° Novembre 1957) 


Zusammenfassung. — Die Schaffung kiinstlicher Satelliten bringt eine 
Reihe von Moglichkeiten zur Überprüfung der allgemeinen Relativitàts- 
theorie. Mit den bisherigen Nachweismoelichkeiten als gleichwertig an- 
zusehen sind bei küntlichen Satelliten die Periheldrehung und die Rot- 
verschiebung. Die relativistische Periheldrehung wird durch eine von 
der Erdabplattung herrihrende viel gréfere Periheldrehung überlagert 
und daher schwer erfaBbar. Bei der Rotverschiebunge muB der EinfluB 
der Eigenbewegung des Satelliten mitberiicksichtigt werden. Wegen der 
geringen GròBe der Rotverschiebung ist ein Nachweis durch Messung der 
Spektrallinien-Verschiebung ausgeschlossen. Es ist aber môglich, durch 
Vergleich des Ganges von Atomuhren auf Erde und Satellit diese Rot- 
verschiebung zeitlich direkt zu messen. Für die Zweistundenbahn beträgt 
diese Zeitverschiebung jahrlich 4.1:10-3s. Eine weitere Folgerung der 
allgemeinen Relativitätstheorie besteht in der Anderung der Licht- 
geschwindigkeit in Abhängigkeit vom Gravitationspotential. Der Effekt ist 
aber so klein, da® er nicht meBbar ist. SchlieBlich hat die Erdrotation 
relativistische Folgerungen, die nicht mehr zu vernachlässigen sind. Die 
Erdrotation erzeugt nach der allgemeinen Relativitätstheorie ein zusätzli- 
ches Gravitationsfeld. Dieses zusätzliche Gravitationsfeld führt zu einer 
zusätzlichen relativistischen Periheldrehung sowie zu einem Vorrücken der 
Knoten der Satellitenbahn. Das jahrliche Vorrücken der Knotenlinie 
beträgt fiir eine Zweistundensatellitenbahn 0.13”. Die genannten rela- 
tivistischen Bahnstérungen sind mit astronomischen Methoden und mit 
Radar nachweisbar. 


(*) Vortrag gehalten auf der Physikertagung zu Heidelberg am 30. September 1957. 
(+) Gesellschaft für Kern-Energie, Forschungsreaktor Geesthacht bei Hamburg, 
Geesthacht. 


2 - Il Nuovo Cimento. 
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1. — Einleitung. 


Es gibt drei klassische Überprüfungsmôglichkeiten der allgemeinen Relativi- 
tiitstheorie. Diese drei Uberpriifungsméglichkeiten beruhen auf der Nachweis- 
barkeit von drei beobachtbaren Effekten. Alle drei Effekte werden aus den bei 
Kugelsymmetrie vorliegenden Lésungen der Einstein’schen Feldgleichungen 
abgeleitet. Diese kugelsymmetrische Lésung ist bekanntlich durch das Schwarz- 
schild’sche Linienelement 

20 
(1) ds? = a II ASTE | te | dé? , 
1 — (2a/r) ) 


gegeben, wo «= GM/c? der Gravitationsradius ist mit der Gravitationskon- 
stanten G, der Masse M und der Lichtgeschwindigkeit e. 

Nimmt man als ein in der Natur vorliegendes Beispiel das kugelsymme- 
trische Gravitationsfeld der Sonne an, so liegen die drei genannten Effekte 
innerhalb der Nachweismôglichkeit der MeBinstrumente. 

Die Effekte sind der Reihe nach als Rotverschiebung, Lichtablenkung am 
Sonnenrand und Periheldrehung eines Planeten bekannt. 

Von allen drei Effekten ist die Rotverschiebung bei der Sonne in dem 
theoretisch geforderten Umfang nur am Rand beobachtet worden und mul 
in der Mitte durch irgend einen anderen entgegengesetzt wirkenden Effekt 
überlagert werden. Dagegen hat man den in Frage stehenden Effekt bei weissen 
Zwergtsternen beobachtet, ohne jedoch wegen der Unsicherheit der Kenntnis 
des Gravitationspotentials an deren Oberflàche zu einer quantitativ genauen 
Aussage über die GròBe der Rotverschiebung zu gelangen. Der Rotverschie- 
bungseffekt darf auch nicht als ein entscheidender Beleg fiir die Richtigkeit 
der Theorie betrachtet werden, da er eine unmittelbare Folge des Energie- 
satzes ist und somit auch aus anderen Vorstellungen wie z.B. aus der Photonen- 
theorie abgeleitet werden kann. Diesen drei Effekten gesellt sich noch zu- 
sätzlich ein vierter Effekt hinzu, dessen Messung bisher nicht môglich war, 
und der sich in einer Abhangigkeit der Lichtgeschwindigkeit vom Gravitations- 
potential auBert. Dieser Effekt besagt, daB die Lichtgeschwindigkeit mit 
wachsendem Gravitationspotential abnimmt. 


2. — Die Uberpriifung der Theorie durch Erdsatelliten. 


Es soll jetzt auf die Verhältnisse eingegangen werden, die bei kiinstlichen 
Erdsatelliten vorliegen. 

Wie im Fall der Sonne bildet die Erde ein nahezu kugelsymmetrisches 
Feld, für das die Schwarzschild’sche Lésung zustindig ist. | 
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Dartiberhinaus treten aber im Rahmen der allgemeinen Relativitätstheorie 
Abweichungen von der Schwarzschild’schen Lésung auf, die in der nicht mehr 
zu vernachlassigenden Rotation des Zentralkòrpers liegen. Wegen der Be- 
deutung der Gravitation für den Rahmen einer zukünftigen Theorie der Ele- 
mentarteiichen wird es besonders wichtig sein, die Theorie im gròBeren Umfang 
als bisher einer Prüfung zu unterziehen. Als besonders bedeutungsvoll scheint 
es zu sein, dab die Schaffung von Erdsatelliten die Méglichkeit gibt, die Theorie 
über den Rahmen der Schwarzschild’schen Lôsung hinaus zu überprüfen. 


3. — Satellitentests. 


Beschränken wir uns zunachst auf die beobachtbaren Folgerungen aus der 
Schwarzschild’schen L6sung. Im Vergleich zu den an der Sonne untersuchten 
drei Effekten stehen bei Erdsatelliten vorlàufig nur die Periheldrehung und die 
Rotverschiebung als nachweisbar in Aussicht. Die Lichtablenkung ist zu 
gering, als daB sie erfaBbar ist. Dasselbe gilt für die Messung der Anderung 
der Lichtgeschwindigkeit in Abhangigkeit vom Gravitationspotential. 

Dagegen bringt der EinfluB der Erdrotation weitere Bahnstôrungen, deren 
Nachweis zur Überprüfung der Theorie herangezogen werden kann. Diese 
zusätzlichen Bahnstôrungen haben den Charakter einer Periheldrehung und 
einer Knotenbewegung. 


4. — Relativistische Drehung des Satellitenperigàums ohne Beriicksichtigurg der 
Erdrotation. 


Eine Prifung der allgemeinen Relativitatstheorie durch Bestimmung des 
Vorausschreitens eines Satellitànperigàums ist zuerst von L. LA PAZ (!) vorge- 
schlagen worden. Unter Vernachlässigung der Erdrotation betragt die GròBe 
dieser Drehung fiir eine nahezu kreisf6rmige Bahn nach Einstein: 


In Gleichung (2) bedeutet a die groBe Achse der Satellitenbahn und v die 
wahre Anomalie. Dabei gilt für eine kreisformige Bahn: 


XA 
(3) == | nt ; 


a 


(1) L. La Paz: Publs. Astron. Soc. Pacific, 66, 13 (1954). 
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Wahlt man eine Satellitenbahn, die nach zwei Stunden durchlaufen ist, so 
erhält man als Wert der groBen Achse 


a = WE) (ean) - 


Mit dem Wert des Erdradius R — 6370 km beträgt die Hôhe dieser sog. 
« Zweistundenbahn» 1690 km. Für diese Zweistundenbahn berechnet man 
eine jährliche Perigäumsdrehung von 


OC DR pro Jahr. 


Dieser Effekt ist so groB, daB er sich ohne Schwierigkeiten messen läft. 
Leider ist aber die Erde keineswegs mehr kugelfòrmig, sondern leicht abge- 
plattet. Diese Abplattung führt zu einer viel gréBeren Perigàumsdrehung als 
die relativistische. Wir kommen darauf weiter unten noch zurùck. 


5. — Die Rotverschiebung. 


Als zweiter nachweisbarer Effekt soll jetzt die Rotverschiebung untersucht 
werden. 

Im Gegensatz zur Sonne ist dieser Effekt bei der Erde so klein, daf} nicht 
an eine Messung mit spektroskopischen Methoden zu denken ist. 

Dagegen wurde jedoch in zwei früheren Veròffentlichungen (®*) gezeigt, daB 
der in Frage stehende Effekt sich durch Vergleich von zwei Atomuhren, die 
auf Satellit und Erde synchron laufen, direkt als Zeitverschiebung nachweisen 
laBt. Die dabei auftretende Zeitverschiebung ist im Vergleich zu der bekannten 
Rotverschiebung jedoch einer Modifikation zu unterziehen. Diese Modifikation 
ergibt sich aus der Notwendigkeit, die nicht mehr vernachlassigbare Eigen- 
bewegung des Satelliten mitzuberücksichtigen. 

Diese Mitbericksichtigung führt nach der Theorie zu einem Ergebnis, das 
sich anschaulich als eine Uberlagerung der Hinstein’schen Schwererotverschie- 
bung und dem der Einstein’schen Zeitdilatation aquivalenten transversalen 
Dopplereffekt eines bewegten Ké6rpers deuten làBt. Für eine bestimmte Hohe 
der Satellitenbahn uber der Erdoberflàche kompensieren sich beide Effekte zu 
null. Die Schwerkraft bringt fir den Erdbeobachter eine Blauverschiebung, 
die Higenbewegung des Satelliten eine Rotverschiebung der Satellitenhur 
gegentiber der Erduhr. Die Blauverschiebung bedeutet ein Vorgehen, die 
Rotverschiebung ein Nachgehen der Satellitenuhr gegeniiber der Uhr des 


) F. WINTERBERG: Astronautica Acta, 2, 25 (1956). 
3) S. E. SINGER: Phys. Rev., 104, 11 (1956). 
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Erdbeobachters. In den zitierten Arbeiten wird für die Grôüke der Zeitverschie- 
bung einer kreisf6rmigen Satellitenbahn der Ausdruck abgeleitet (R ist der 


Erdradius) : 

dt 1 SAI 
4) Si {== = 
(6) n ar A 


Aus Gleichung (4) entnimmt man, dat dt fir a= (3/2) verschwindet. Zer- 
legt man (4) in die Form 
dt 


(4a) ; = 


1 1 ox 
PRET DA 
so entspricht das erste Glied auf der rechten Seite von (4a) der Schwererot- 
verschiebung, das zweite Glied der Zeitdilatation. 

Fur die Zweistundenbahn folet als Zeitverschiebung 


St 
5 = 1600 ae 


Im Laufe eines Jahres geht die Satellitenuhr gegenüber den Erduhren um 
den Betrag 


St =--4,1-10-8s 


nach. 

Atomuhren laufen mit einer sehr groBen Genauigkeit. Caesiumuhren haben 
eine Genauigkeit von At/t= 10-12. Solche Uhren sind daher geeignet, den 
Effekt mit groBer Pràzision zu messen, im Laufe eines Jahres mit einer Ge- 


nauigkeit von vielen Zehnerpotenzen. 

Das grôfite Hindernis, das einer Überprüfung der Theorie mit Atomuhren 
im Wege steht, ist in der technischen Schwierigkeit, eine Atomuhr in einen 
künstlichen Satelliten einzubauen zu sehen. Im Hinblick auf die ungenügende 
Überprüfung der Rotverschiebung würde sich aber ein soleher Aufwand recht- 
fertigen lassen. | 

Darüberhinaus hat der hier vorgeschlagenen Weg zur Überprüfung der Rot- 
verschiebung eine gewisse grundsätzliche Bedeutung. Der Atomuhrtest ist 
nämlich ein integraler Effekt im Gegensatz zum differentiellen Effekt der 
Spektrallinienverschiebung. Er läBt sich daher nicht wie die Spektrallinien- 
verschiebung auch aus einer Photonentheorie unter Zugrundelegung der 
speziellen Relativitàtstheorie ableiten. Er kann im übrigen auch durch die 
relativistische Massenverinderung der schwingenden Atome im Schwerefeld 
gedeutet werden. 
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bo 
bo 


6. — Die Lichtablenkung. 


Die Lichtablenkung im Gravitationsfeld der Erde ist so klein, da an einen 
Nachweis nicht zu denken ist. 
Nach Einstein beträgt die gesamte Lichtablenkung eines den Himmels- 


) 


kòrper vom Radius / tangierenden Strahls: 


* do 


— 
Or 
— 


Für die Erde ist die GroBe dieser Ablenkung: 
Sy = 5.8-10-4 


also weit unterhalb der Nachiweismôglichkeït. 


7. — Anderung der Lichtgeschwindigkeit in Abhangigkeit vom Gravitations- 
potential. 


Nach der allgemeinen Relativitàtstheorie geschieht die Ausbreitung des 
Lichts nach der Gleichung ds = 0. 

Die Lichtgeschwindigkeit betragt danach z.B. in radialer Richtung nach 
Gleichung (1): 


| dr 2a 
6 a [a man 
(6) di | | € 


Da die Frequenz für jeden Beobachter als feststehendes ZeitmaB konstant 
anzusehen ist, folgt aus der Anderung der Lichtgeschwindigkeit eine Anderung 
der Wellenlange wegen €-— rv zu 


6A 2x 
(7) == 
A Ta 
Als Anderung der Wellenlänge zwischen Satellit und Erde erhält man: 
(8) Di = 2% Le 
À FT 


Dieser Wert beträgt für die Zweistundenbahn : 


— = 2.9-10- 


DI 
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Nachweisbar muBte der Effekt sein durch Mitnahme eines Interferometers 
auf den Satelliten und Beobachtung der Anderung des Interferenzbildes. Heute 
übliche Interferometer haben aber héchstens eine Genauigkeit von 


WYO, 


À 


Es besteht daher kaum eine Aussicht, den Effekt nachzuweisen. 


8. — Der Einflu8 der Erdrotation. 


Die Schwarzschild’sche Lôsung vernachlassigt die Tatsache, daB sich der 
in Frage kommende Zentralkôrper in Rotation befindet. Die Rotation führt 
zu Beitràgen im Energieimpulstensor, die ihrerseits zu Zusatzgliedern im 
metrischen Fundamentaltensor nach Lésung der Feldgleichungen AnlaB geben 
müssen. Die hier sich anschlieBenden Folgerungen gehen daher ihrem Gehalt 
nach über den Rahmen der Schwarzschild’schen Lôsung hinaus. 

Bekanntlich kann nach der allgemeinen Relativitàtstheorie die Wirkung 
der Zentrifugal- und Corioliskraft als durch Umwälzen des gesamten Uni- 
versums um einen festen Punkt hervorgebracht gedacht werden. Dasselbe 
gilt fur die Tragheitskraft, die durch relative Beschleunigung des gesamten 
Universums auftritt. Andererseits sagt die Theorie voraus und wurde bereits 
durch Einstein gezeigt, daB durch relative Beschleunigung jeder Materie, die nicht 
notwendig das ganze Universum umfassen muB, eine Kraft auftritt, die der 
Tragheitskraft analog ist. Quantitativ wird die Kraft im Allgemeinen aber 
viel kleiner sein als die von der Beschleunigung der Gesamtheit aller Sterne 
herrührende Tragheitskraft. Das für die Tragheitskraft Gesagte überträgt sich 
sinngemäf auf die Zentrifugal- und Corioliskraft. 

Wie THIRRING (*) gezeigt hat, tritt nach der allgemeinen Relativitàtstheorie 
ein dem Zentrifugal- und Corioliskraftfeld analoges Feld im Innern einer mit 
Masse belegten rotierenden Hohlkugel auf. 

Andererseits muB auch bei einer rotierenden Vollkugel zusätzlich zum 
üblichen Schwerefeld ein dem Coriolis- und Zentrifugalkraftfeld ahnliches Feld 
auftreten. Der Fall einer rotierenden Vollkugel ist bei der Erde gegeben. In 
einer Arbeit von LENSE und THIRRING (5) werden die von der Rotation des 
Zentralkérpers herrührenden relativistischen Bahnstorungen für den Fall der 
Jupitermonde angegeben. Die Autoren kommen zu dem Ergebnis, daB die 
Storungen bei Jupiter so klein sind, daf es praktisch ausgeschlossen ist, sie 
von der Erde aus zu beobachten. Anders verhält es sich bei dem Problem 


(4) H. THIRRING: Phys. Zeits., 19, 33 (1918). 
(3) I. Lense und H. THIRRING: Phys. Zeits., 19, 156 (1918). 
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der Bahnstôrungen eines Erdsatelliten. Die Stérungen sind im Fall der Erde 
so gro8, daB sie einer Beobachtbarkeit gerade noch zugänglich werden. Das 
sich aus der Arbeit von LENSE und THIRRING ergebende Linienelement hat in 
spharischen Polarkoordinaten die Gestalt: 


(9) ds? Ai il = (2/7) sn r2(d9? 4. sin2 ) dp?) = 


8xR?© sin? & 


2 
di dy — 6 (1 cr 


DI } 


| Gli? - 

Im Linienelement (9) ist © die Winkelgeschwindigkeit der Erdrotation. 
Die sich aus der Erdrotation ergebenden neu hinzukommenden Bahnstorungen 
sind dann den Stôrungen der Hinstein’schen Merkurarbeit, der das Schwarz- 
schild’sche Linienelement zugrundeliegt zu überlagern. 


9. — Die relativistische Drehung des Satellitenperigäums unter Beriicksichtigung 


der Erdrotation. 


Die Erdrotation führt zu einer zusätzlichen Drehung des Satellitenperi- 
gaums vom Betrag: 


(10) do = — — 


In Gleichung (10) ist è die Neigung der Bahn gegen die Aequatorebene. 
Für eine über den Pol gelegte Zweistundenbahn z.B. erhält man eine jährliche 
Perigàumsdrehung von 


yay = Wale pro Jahr. 


Die gesamte relativistische Perigäumsdrehung ergibt sich dann durch Ad- 
dition dieses Betrags zum Einstein’schen zu 


dm = 9.07" pro Jahr. 


10. — Das durch die Erdrotation verursachte relativistische Vorrücken der 
Knoten. 


Die Erdrotation führt zu einer Stérung der Bahn, die in einem Vorriicken 
der Knoten besteht, welche die Satellitenbahn mit der Aequatorebene bildet. 
Diese relativistische Storung beträgt: 
dum? 
(11) 62 = De 


dna? 


UBERPRUFUNG DER ALLGEMEINEN RELATIVITATSTHEORIE DURCH ERDSATELLITEN 25 


Fur die Zweistundenbahn ergibt sich daraus ein jährliches Vorrücken der 
Knoten wom Betrag 


662 = 0.13" pro Jahr: 


Diese Art einer relativistischen Stôrung ist für den EinfluB der Erdrotation 
auf das Gravitationsfeld charakteristisch und fehlt bei der Schwarzschild’schen 
Lôsung (*). 


11. — Ortung der Bahn durch Radarinterferometer. 


Um die genannten Bahnstôrungen zu bestimmen, sind genaueste Orts- 
bestimmungen der Satellitenbahn erforderlich. Der Wert von 0.1” bedeutet 
bereits auf der Hrdoberflache eine Entfernung von etwa nur 3m. Der Sa- 
tellit sollte danach bis môglichst auf 1 m genau in seiner Bahn bestimmt werden. 
Zu diesem Zweck werden sich Vorrichtungen eignen, die man als Radarinter- 
ferometer bezeichnen kann. Zwei Radarstationen legen als Flache konstanter 
Wellenlängendifferenz eine ràumliches Hyperboloid fest. Drei Radarstationen 
legen paarweise je eine solche Flache fest. Alle drei Flachen schneiden sich 
in einen Punkt. Drei Stationen genügen daher bereits zur 6rtlichen Fixierung 
eines Satelliten zu einen bestimmten Zeitpunkt mit der ôrtlichen Genauigkeit 
von einer Wellenlänge. Technisch dürfte allerdings eine solches Verfahren 
wegen des benütigen Aufwandes nicht ohne Schwierigkeiten sein. Immerhin 
ist eine grofe Prazision in der Bahnbestimmung mit solchen Mitteln zu er- 
warten. 


12. — Einflu8 der Erdrotation auf den Uhrengang. 
In der unter (2) zitierten Arbeit wurde bereits der EinfluB der Erdrotation 
auf den Gang der Atomuhren in erster Naherung untersucht. Dabei ergab 


sich ein EinfluB der Erdrotation in der Zeitverschiebung von der GròBe 


dt Rw? cos 


(12) por 22 = = IQ COS? g ; 
(*) Anmerkung bei der Korrektur. - Wie mir Herr Prof. HONL freundlicherweise 


mitteilte hat dieser « Thirringeffekt » deshalb eine so grundlegende Bedeutung, weil 
er entscheiden wird, ob die Newtonsche Gravitationstheorie sich an Stelle der allge- 
meinen Relativititstheorie nicht im Sinne der Maxwellschen Theorie vektoriell erweitern 
laBt. Die Einsteinsche tensorielle Theorie ergibt ein um den Faktor 4 sròBeren Effekt 
als die elektrodynamische Analogie erwarten lift. Vergl. dazu H. HONL und A. W. Maur: 
Zeits. f. Phys., 144, 152 (1956). 
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wobei g die geographische Breite ist. Dieser Effekt ist so groB, da er sich 
mit Atomuhren nachweisen lassen wird. Der hier abgeleitete EinfluB der Erd- 
rotation auf die Rotverschiebung liBt sich als Zeitdilatation der durch die 
Kinematik der rotierenden Erde verursachten Bewegung deuten und steht 
daher den beiden anderen relativistischen Rotationseffekten an Bedeutung 
nach. Er läft sich bereits ohne die Verwendung der Thirring’schen Lésung aus 
dem Schwarzschild’schen Linienelement begriinden. Der FinfluB der Thirring’- 
schen Lésung auf den Uhrengang ist von héherer Ordnung und daher ebenso 
zu vernachlässigen wie die anderen Glieder hôherer Ordnung, die sich aus der 
Schwarzschild’schen Lésung für die GréBe der Zeitverschiebung ergeben. 


13. — EinfluB der Erdabplattung. 


Leider liegen die Verhältnisse bei der Erde insofern nicht so glicklich und 
erschweren es, die relativistischen Bahnstôrungen einwandfrei zu ermitteln. 
Die starke Abplattung der Erde ist die Ursache von Stôrungen, die sich den 
gleichartigen relativistischen Stôrungen überlagern. Glücklicherweise wird es 
aber trotzdem môglich sein, durch Beobachtung verschiedener Satellitenbahnen 
eine Trennung der Abplattungseinflüsse von den relativistischen St6rungen zu 
erreichen. 

Der EinfluB der Erdabplattung führt, wie im Anhang gezeigt wird, zu 
einer Drehung des Perigàums fiir eine in der Aquatorebene umlaufende Bahn 
vom Betrag: 


(13) ADI 


v 


R\? AO) = Al 
| | ; yee Lo 1.3-:10-8, 


mit X= 
2 M R? 


a 
C ist das Trigheitsmoment der Erde in Bezug auf die Aquatorachse und A 
dasjenige in Bezug auf die Polachse. Der numerische Wert von y ist in einer 


Arbeit von SPITZER (*) angegeben. 
Fur die Zweistundenbahn folgt aus (13) 


Ao = 0.294° pro Umlauf. 


Die Erdabplattung führt weitherin zu einem Zurückweichen der Bahn- 
knoten vom Betrag (vgl. Anhang) 


Ji Ne 
(14) AQ =— (7) COS 1°, 
U) 


(5) L. Spirzer Jr.: Journ. Brit. Interplan. Soc., 9, 131 (1950). 
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was fur eine den Aquator umlaufende Zweistundenbahn den Wert animmt: 
AQ = — 0.294° pro Umlauf. 


Die Knotenstòorung verschwindet bei einer über den Pol gelegten Bahn. 
Jedoch wird sich eine Satellitenbahn nicht so genau iber den Pol legen lassen, 
um die Abplattungsstorung kleiner als die relativistische Stôrung zu machen. 
Für eine über den Pol gelegte Bahn verschwindet die stérende Kraft der Erd- 
abplattung im Raummittel und daher fiir sehr viele Umiläufe auch im Zeit- 
mittel. Das Perigàum wird bei einer solchen Lage der Bahn im Allgemeinen 
nur periodischen Stôrungen unterliegen, wenn die relativistischen Hinfliisse 
nicht bericksichtigt werden. Letztere führen zu einem säkularen Voransehreiten 
des Perigäums. 

Es ist schlieBlich denkbar, den EinfluB der Erdabplattung durch genaue 
Beobachtung der Perigäum- und Knotenst6rung zu eliminieren. Die gesamten 
Perigàums- und Knotenst6rungen stellen sich durch Ausdriicke der Form dar: 


2 


R 
Ao = z| | 0 EI, 
a 
RY? 
NOR | J cos tr + 30. 
a 


Für die Perigàumsdrehung haben wir der Hinfachheit halber eine in der 
Aquatorebene liegende Satellitenbahn gewählt. Aus beiden Gleichungen (15) 
laBt sich die Unbekannte yv(£/a)? eliminieren und damit die GròBe der rela- 
tivistischen Glieder ermitteln. Dieses Verfahren setzt aber wegen der benòtigten 
Genauigkeit eine groBe Anzahl von Beobachtungsdaten voraus, die erst in vielen 
Jahren zu gewinnen sind. 

SchlieBlich kénnen andere Unregelmäfigkeiten der Erde als deren Abplat- 
tung zu Bahnstôrungen führen. Wie in der astronomischen Stôrungstheorie 
kann eine solche UnregelmaBigkeit in der Massenverteilung als stôrende 
Kraft eingefiihrt werden. Es werden, wenn die Umlaufszeit des Satelliten 
mit dem HinfluB der storenden Kraft keine zeitliche Kommensurabilitàt be- 
sitzt, nur kurzperiodische Stôrungen auftreten. Bei Vorhandensein von Kom- 
mensurabilitäten treten säkulare une langperiodische Stôrungen auf. Diese 
zeitlichen Kommensurabilitäten kònnen zwischen der Umlaufszeit der Satelliten 
und der Rotationsdauer der Erde auftreten. 

Das Eintreten von solchen durch Kommensurabilitàten verursachten Bahn- 
storungen kann unter Umständen zur Feststellung von Unregelmäfbigkeiten 
im Erdaufbau erwünscht sein. Für unsere Zwecke dagegen wird man darauf 
zu achten haben, daB die Umlaufszeit der Satellitenbahn mit der Rotationszeit 
der Erde in hohen MaBfe inkommensurabel ist, d.h. in keinem einfachen 
Zahlenverhältnis oder in der Nahe davon steht. 


DI 


3 
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ANHANG 


Bahnstorungen durch die Erdabplattung. 


Nach BROUWER (7) wird das Gravitationspotential einer abgeplatteten Kugel 
näherungsweise durch den Ausdruck dargestellt: 


GM  k@M 


gra 90330) 
r r 


(16) 


In (16) ist 0 der Winkel zwischen dem Radiusvektor der Satellitenbahn 
und der Polachse. Die GrôBe k hat den Wert 


I C—A 
uo == 
2M 
und hingt daher mit der GròBe y der Gleichung (13) durch die Beziehung 
zusammen : 
3k 


X= Pa 


In Gleichung (16) ist der zweite Summand auf der rechten Seite das Stér- 
potential S, 


kGM 
"i r3 


S (1 — 3 cos? 0). 


Die Berechnung der Bahnstôrungen geschieht in tiblicher Weise wie in der 
astronomischen Stérungstheorie. Die St6rungsgleichungen für die Bahnele- 
mente sind in dem Werk von MOULTON (8) zusammengestellt. 

Fur die Stérung des Perihels gilt die Gleichung: 


= dw V1 — <2 cosv . \/ 621 = r sin u-ctg è 
Vr nee ——|1 +—]sino- T— =—W. 
at Nie nae p nav 1 — e 


In (16) sind À, 7 und W die Komponenten der st6renden Kraft in radialer 
Richtung, 7 in der Bahnebene senkrecht zum Radiusvektor und W senkrecht 
zur Bahnebene. w ist das Argument der Breite, das ist der Winkel zwischen 
Radiusvektor und Knotenlinie. Läuft der Satellit in der Aquatorebene, so 
verschwinden die Komponenten W und 7 der stérenden Kraft. Es verbleibt 


(‘) BrouweRr: Astronom. Journ., 51, 223 (1946). 
(5) F. R. MOULTON: Hinfiihrung in die Himmelsmechanik (Leipzig-Berlin, 1927). 
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die Komponente À, die sich aus 


aN 
= 
ae 
berechnet zu 
È 3kGM 
(18) Ri 
Ti 


Damit erhält man als Gleichung für die Stôrung von ©: 


po DES 
daw 1 — 62 cos 0 


a/ 
== SYK IL 
dt nae pe 


(19) 


Zur Berechnung der Stôrungen erster Ordnung setzt man, 


29 


wie es in der 


Himmelsmechanik üblich ist, die Bahnelemente auf der rechten Seite von (19) 


konstant und erhält in Verbindung mit dem Flächensatz 


ae SEO) ; 
PO = p= WAL rTAN 


do 3kGMvcosv 
(20) ye | 
dé n>a3e pa 


Wegen Bestehens der Ellipsengleichung: 


a(l— e?) 


Ya —— 
1 —ecosv 


folgt aus (20): 


do 3kGM 


— = — 1 + € cos v)?-cosu-?. 
dt mna'e(1 — e?)? ee ) 


(21) 


Durch Integration von (21) folgt unter Fortlassung der in v periodischen 


Glieder als säkulare Storung: 


3kG M 
n?a?(1 — e?)? 


(22) Ao = 


was ftir eine Kreisbahn mit e=0 und wegen 


A GM 
ne = — 
ae 
sich vereinfacht zu 
3k 
(2¢ ) Am == D 
ae 
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oder nach Einführung von 7 


Ei? 
(24) Ao = x (=). 


a 
Die Stôrung von © berechnet sich aus der Gleichung 


dQ y Sin u è 
= -W , 


DIX 
Zo F 9 / 
Ce) dt na? 4/1 — e sini 


was sich für eine Kreisbahn vereinfacht zu 


dQ sin u 


26 = IU 
9) dt na sin 4 


Die Komponente W der st6renden Kraft, die senkrecht auf der Bahnebene 
steht, berechnet sich aus der Gleichung 
(27) We Ka sine. 


In (27) ist Ay die Komponente der st6renden Kraft in der 0-Richtung und 


ai 


e der Winkel, den die Bahnebene mit der Meridianebene einschlieBt. 
1 lo] S 6kG M 
} 


Ap = pO eRe 


Weiterhin folgt aus den Formeln der spharischen Trigonometrie 


ey x COS È 
a JR E = = 
(29) sin 0 ? 
(b) COS @ = sint' sin %. 
Damit ergibt sich für W: 
: 6kGM . . 4 
(30) VAS {$n 7 così sin wu 
- 
und für eine Kreisbahn: 
6kGM 


(30a) Vi Sin à così Sin wu. 


Wird (30a) in (26) eingesetzt, erhält man: 


O IkG M 
(31) dQ 6kGM 


- COS À sin? u 
dt na’ ? 
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wegen «= nt folgt durch Integration von (31) unter Beschrinkung auf den 
sikularen Anteil: 


SkGNM 
(32) AQ=— cos ì-nt, 
n? «a? 


wegen u=v=nt, wegen n?—GMja und nach Einführung der Gréfe y apt 
sich (32) auf die Form bringen 


chi 


a 


(33) 10 z| | cos iv. 


/ 


RIASSUNTO (*) 


La creazione di satelliti artificiali offre una serie di possibilità per la verifica della 
teoria della relatività generale. La precessione del perielio e lo spostamento delle 
linee spettrali dei satelliti artificiali sono da considerare equivalenti alle possibilità di 
verifica finora esistenti. Alla precessione relativistica del perielio si sovrappone una pre- 
cessione assai maggiore dovuta all’appiattimento della terra ela prima è pertanto difficil- 
mente osservabile. Nelle osservazioni dello spostamento delle linee spettrali verso il 
rosso si deve tener conto del moto proprio del satellite. Data la debole entità dello 
spostamento spettrale è da escludere una prova per mezzo della misura diretta dello 
spostamento stesso. È però possibile la misura diretta nel tempo dello spostamento 
verso il rosso confrontando le indicazioni di orologi atomici sulla terra e sul satellite. 
Per la traiettoria di due ore questo spostamento temporale è annualmente di 4.1-1073 s. 
Un'ulteriore predizione della teorie della Relatività generale è quella della variazione 
della velocità della luce in dipendenza del potenziale gravitazionale. L'effetto è però 
tanto piccolo da non essere misurabile. Finalmente, anche la rotazione della terra ha 
conseguenze relativistiche che non sono più trascurabili. Secondo la teoria della Rela- 
tività generale la rotazione della terra genera un campo gravitazionale aggiunto. Tale 
campo conduce ad una ulteriore rotazione relativistica del perielio, nonchè ad una 
precessione dei nodi della traiettoria del satellite. La precessione annua dei nodi del 
satellite è, per una traiettoria di due ore, di 0.13”. Le suddette perturbazioni relati- 
vistiche della traiettoria sono osservabili con metodi astronomici e col radar. 


(*) Traduzione a cura della Redazione. 
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Relativistic Equation for the Distinguished Component 
of the State Vector. 


K. L. NAGY 


Institute for Theoretical Physics of the Roland Eôlrôs University 
Budapest, Hungary 


(ricevuto il 2 Novembre 1957) 


Summary. — An integro-differential equation for the distinguished com- 
ponent of the state vector has been deduced from the Schwinger-Tomo- 
haga equation of the interacting fields. We have proved that this equa- 
tion is completely equivalent to a differential equation. These equations 
are the relativistic generalizations of those of W. KRéLIKowSsKI and J. 
RZEWUSKI: the interaction picture and arbitrary space-hke surfaces 
have been used. As an example the dressing and the oscillation of a 
bare V particle in the Lee’s model have been studied. 


1. — Introduction. 


Recently W. KRÔLIKOWSKI and J. RZEWUSKI in a series of papers (1) 
treated the problem of the motion of a distinguished component of a system. 
They have derived equations describing the change in time of the distinguished 
state. Their calculations are however not relativistically invariant using Schré- 
dinger picture and t= const planes. We frequently meet calculations in the 
course of which we are not interested in states other than a distinguished one, 
so we have generalized in a preliminary paper (?) their results to relativistically 
invariant form. Here we summarize our calculations, prove the equivalence 
of the integro-differential and differential equations obtained and apply 


(1) W. KROLIKOWSKI and J. Rzewuski: Bull. Acad. Pol. Sci., Cl. III, 1, 1 (1956) ; 
Nuovo Cimento, 8, 260 (1956); 4, 1212 (1956). 
(*) K. L. Nagy: Acta Phys. Hung., 7, 167 (1957). 
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our method to the Lee’s model (*). In this case the kernel of the integral 
equation opposed to other more realistic problems is exact. At the end howe- 
ver we work in g? approximation. 

2. — The equation for the distinguished component. 


We start with the Schwinger-Tomonaga equation 
. : & fi 
(1) ihe fee oe 


where H is the interaction Hamiltonian. Denote by P, the projection ope- 
rator projecting the state vector into its distinguished component: |0),=P,|0). 
We suppose dP,/do(x)=0. Defining P, =1—P, it is shown: Pi/=P,, P? = 
= P,, P.P,=P,P,=0. Now we perform a unitary transformation on (1) 


with the operator 
©) Uto, o] = P exp |— à | (PHP, + P_HP.)dal, 
where P is Dyson’s chronological operator. Thus we obtain 


(3) i = (P\H'P,+P,H'P))|o)'. 
a(x) 


oF 


Multiplying this equation with P, or P, , respectively, we obtain two equa- 
tions. After eliminating the state vector |o>, from the first equation by means 
of the second equation and returning again to the interaction picture we obtain 


the following integro-differential equation for |0),: 


RARO. 0), lag i ; 
me [ice Gis 0, Gi) ori 
he. , , | / 
To 
where 
(5) ico to) EE (a) 925-4 0 i pan? de} P, Ha) Be 


(3) T. D. Len: Phys. Rev., 95, 1329 (1954). 


3 - Il Nuovo Cimento. 
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Lieto ')2>0 then [H(«), H(x')] = 0 and thus it is shown that the integra- 
bility condition 

0? | o> I 3? |o ee 

Sala) Sa(y) — da(y) do) 


is fulfilled. In the following we suppose that |o,>, = 0. 
Now we prove that the integro-differential equation (4) is completely equi- 
valent to the following differential equation 


(6) ihe = [P,H(2)P)+ V(x; 0,0 )||o>1, 


(6 ail 
do (x) 
where V (which is in general not Hermitian) satisfies 


(o) Gi 
. 


ff # i @ ! ! 1 D) x" | 
(7) V(x; 0, 00) = be (LE 0,0) P= exp te flex a") P+ 


Oy (om 


+ V(x",; 0, dr") du E 


from which V can be determined. The equivalence is unterstood in the fol- 

lowing sense: if there is a unique solution of (7) for V than each solution of 

(6) satisfies (4) and reversely each solution of (4) satisfies (6) V given by (7). 
From the equation (6) we obtain for every o’ 


oO 


di QT =Pexp|—; je [PH DECO aude") o>, 


Ci 


from which 


È : DO F È LP 
Vito, 00) =— n K(®, 0"; 0; 0')P-1 exp Frate, + 


alato] de} du exp i — 11 H(x")P, + V(x"; o", 00)] de} 0 = 


o 


AA | Ke, GaP Wopmoid)\ Koi Sale’ « 
that is each solution of (6) V given by (7) satisfies (4). Inversely the transition 
is the following. From (4) in the lowest order of approximation we get 


INC E; 
|)j=|0"dg- 


962 


RELATIVISTIC EQUATION FOR THE DISTINGUISHED COMPONENT OF THE STATE VECTOR 35 


Substituting this into (4) we obtain 


4, Sl a ee Pree 
(9) the Sa(æ) = PHP, ==>) ie [Ke HA > 0, O )dx i lo lo 
which is noting but (7) with 
@) i 3 È 
Va Fo Ke 06510, 6 On; 


The solution of the approximate form (9) of (4) is 
f d (1) | 
Jods = Pexp]_; je [IPH PAV a"; a, 0] to): 


|) Beles 


Substituting |o'», into (4) this equation gives 


ihe ve = =|P\H(a)P, — jg [Ele a 0 Li Oh Wom HexD | fem (x")P, + 
(1) | i 
ae AE a’, 0») | der dx! lo, À 
which is also (7) with 
v fi : (1) | 
Vs pifi P.O) Palloxp Fz [eae P,+V(a@"; o", 00)] de de 


om 


(n) - 
Repeating the ch and assuming that there exists the limit V — V 


where 
(n) o) ni f 1 : Ge) | 
V=— zo He iG, ©) exp n frate + Via: 0", oe daz’ , 


we obtain (6) V given by (7). Thus we proved the equivalence. 
In analogy with the usual eigenvalue equation the equation 


(10) Ipo = Je, PV (Ge 0; Oy) || do, Lo) | = Tu (0, %) | o>) 


oO 
—if it is fulfilled—can be regarded as the four-momentum eigenvalue equa- 


tion in the distinguished state. So Re (c/i)}r, — E might be the energy in the 
distinguished state, Im (¢/i)z,= 1°, Lf is the probability of the transition to 
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other states per unit time. Æ is in general time- dependent because of the 


energy exchange between the components of the whole system. 
In the following we shall apply the above formalism to the Lee’s model. 


3. The solution of the equations.’ 


Lee’s model in the interaction picture has the interaction Hamiltonian 
(11) A(x) = g(p7 PrP? + Ps PrP”) — OM CY; Py - 
The operators y,, y, and g satisfy the equations of motion 


(0, + %)y, = 9, 


and the commutation relations 


| fw (x), pe (a')} = d(x — x’) exp[—icx,(¢—1)], 
(13) | {wx(®), Py (2) = dla — x’) exp [— tex, (t —V¥)], 


[o(æ), o(æ&')] —1#%cA(x—#x"), 


others commute or  anticommute , 


because 


(14) w(x, t) = w(x, 0) exp [— rent] . 


Here everything is unrenormalized, but x and w are the observed masses. 
We solve (6) and (7) in this case. Choosing |o), as the bare N or 0 particle 
state we easily obtain PHP,=V=0, thus è|o),/Sc(x}=0 showing that 
these particles are the stable dressed ones. We now study the bare V particle 
State. Then 


jee | w(x) |05<0| py(@) dos , 


1 A ie i RA La 7 Me 
dra) is [= ete pie ESE 


t 


=> 


| > II do, IT (E aa do,(2") ai) \p(29) 
“Wal Ye on Wy Vacs py (at) . 
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First we wish to determine V from (7). In g? approximation V is 
(16) Va: 0,0) = — | P,H{x)P, H(x')P,dx'. 

Oe) 
Using (15), (13) and the definition of the vacuum state DOS = pt 
substituting AW and y,(x’, t') =y,(x’, t) exp[—4x,c({—t)] (16) gives (with 
o->t= const<0, and 6, >~t,= const planes) 


g? > 
V2(a; t, to) = — = exp [2cet]: 


vi 


(17) ( k2£1 — exp [— ict — ty) ] [%y — #7 + © — el} 


: dk w(x) |0><0 |wy(x) , 
ox — Xr + — de] Pr (a) | pri) 


J 
o=—VR+ ee, 

where we have taken care of the adiabatic switching on of the interaction, 

because we wish to allow #, to tend to — co too. From (17) it is shown that 

V®(x;t,, — co) would be—disregarding e—the exact solution of (7) with 


foo] 


q? k? 
(18) Sipe ee dk, 
Arc? | wlxy — %y+ ©] 
0 


(that is with the value given by LEE) because 
P,H(x)P,= — 5M, cp; (x)|0»<0 |p, (@) 

and 

(19) (0,0 ; 6,0) =P Hr) Pe) By, 


exactly for P, HP, HP,= 0. Using (17) and taking the limit e > 0 at the 
end of calculations we obtain from (6) and (10) for &, > — coin g? approx- 


imation 
d | 
Selo 
dé 
LCI PERRET 
JU ee 
£ Mi k? dk 
ay) |t pesi Rees | ae let oe 
al 8azhc | © [%x — #7 + of] | 
0 
{| Coni k? dk 
SA —- = 
4oPhe | wlxy— %y + ©} 
(0) 
E = M,c, 
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that is the bare particle V dresses infinitely slowly for infinite time interval, 
its energy is always the observed one. The analogous terms are for finite # 


dlt ge (kzexp[- ict —t){xv— #7 + }] ,, 

AO dk |t 

dt Ah . © [#x — Xr+ ©] 
dié|é da 27 Rose ia "k? sin {elt — to) [ty — +o]} dk Ge; 

at h a 2re°h . ly — Xr + + 
0 
ree fi PL | k2(1 — exp [— ic(t to) ive — Hy + o})) ant in 
(21) : | Azehe [xx #7 + of? J 
7 Da ue: ew + 0]}] Ae 
( 2a?he | mln Xy + Se 


sea The | k? cos £e(t — to) [xx —%y + w]} ie 


470? , [xy #y + ©] 


0 
showing that V and its energy rapidly oscillate. 

Our calculations were only approximate but their approximate character 
did note originate from neglecting several graphs; for according to (19) all 
the allowed ones were taken into consideration. From (20) and (21) it is 
shown that when we wish to obtain reasonable results we must cut-off the 
integrals at a value at which the integral 


£2. 


1 k?) dk Aathe 
=| ta should be less than ue - 
ta] @[xy— 47 + |? g° 


+ 
The author is indebted to Dr. G. MARX and F. KAROLYHAZI for stimulating 
discussions. 


RIASSUNTO (*) 


Dall'equazione dei campi interagenti di Schwinger-Tomonaga abbiamo dedotto 
un'equazione integro-differenziale per la «componente distinta » del vettore di stato. 
Abbiamo provato che questa equazione equivale completamente a un’equazione diffe- 
renziale. Tali equazioni sono le generalizzazioni relativistiche di quelle di W. KR6.1- 
KOWSKI e J. RZEWUSKI: ci siamo valsi della rappresentazione d’interazione e di super- 
fici tipo spazio arbitrarie. A titolo d'esempio abbiamo studiato la particella V fisica e 
l'oscillazione di una particella V matematica nel modello di Lee. 


(*) Traduzione a cura della Redazione. 
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On the Quantization of Fermion Fields with Zero Mass. 


C. G. BOLLINI 


Comision Nacional de la Energia Atomica - Argentina 


(ricevuto l’8 Novembre 1957) 


Summary. — The formulation of quantum field theory for massless tensor 
fields given in a previous paper, is here extended to fermion fields with 
zero mass. The fermion field, which in the Rarita-Schwinger formalism 
is represented by a tensor spinor, is here expressed in terms of simple 
Dirac spinors. These Dirac spinors are free components of the field and 
the usual anticommutation relations are imposed on them. The cor- 
responding anticommutation relations of the field components are given. 
They are compatible with the supplementary conditions. 


1. — Introduction. 


In the Rarita-Schwinger formalism (1) the general fermion field is repre- 
sented by means of a symmetric tensor-spinor ‘7, ,. When this field corres- 
ponds to massless particles with zero mass, it satisfies the equations 


II) VCS I 


Vs 


(ale?) RE A =). 


The matrices y, satisfying the relations 


(1.3) Yul» du Vo? n “i QUI a 


(1) W. Rarira and J. SCHWINGER: Phys. Rev., 60, 61 (1941). 


{ 
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It is easily seen that these equations imply. 


(1.4) ops A, 


(1.5) on te =). 


(1.1) is the field equation and (1.2) is the supplementary condition which 
reduces to 2s+2 the number of independent components of the tensor-spinor 
VY,» This is the right number of possible orientations of a particle with 
spin GODS The gauge invariance condition reduces further this number to 
two (2). 

We intend to take (1.2) as constraint equations and so our first aim is the 
extraction of the independent components from the field entity (in a covariant 
manner). To get this result we are going to use a method for the tensorial 
field, already developed in a previous paper (*) (hereafter referred to as I). 


2. — Decomposition of the field entity. 


We first arbitrarily choose a time-like unit vector: n,n,——1. Then, let 
us define by recurrence the following tensor spinors: (see also I (2.1) (2.2) 


(2.3) (2.4)) 


Vs Ped 


po = 970, … 0, po 


r-1 
‘ UST) TA ] (t 
(2.1) PR te e > a) 
v=o F0 ETS 
(2.2) PE = OO RA ino) 


Here 0= n,0, and 0-! is the inverse operator. «Symm. » means terms ne- 
cessary to make symmetrie the right hand side of (2.2). 

The quantities defined by (2.1) and (2.2), all satisfy (1.1), (1.2). 

It can be proved by recurrence that 


9‘ F > (7) SMIL 
(2.3) USO A A Le Ur 
(2.4) io 

Dee Whee 


(2) J. S. DE WET: Phys. Rev., 58, 236 (1940). 
(3) C. G. BOLLINI: Nuovo Cimento, 6, 1034 (1957). 
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The last equation of the recurrence chain is 


Seal 
(s) > Usit) 
La VOUS VE ser DI Ù AERA 
0 


which brings the decomposition 


(2.5) Pers 
t=0 


4] 


of the field quantities in s+1 new tensor-spinors satisfying (1.1), (1.2), (2.3) 
and (2.4). We are going to prove that each one of this new tensor-spinors 


has only one independent component which is a simple spinor (without 
sorial index). 


3. — Polarization matrices. 


In I (Eq. (3.1)) we introduced two derivation operators %,, f, such 


MONO WO 0, 

Œ O0, =), HE 

ce, — Ila boot 
CAINE 


(3.1) 


By means of these operators and the y, matrices, we define now 


(3.2) La = x, =» B,y'æ vB ’ 
(3.3) Et et 


Vi Vp 


(From now on, we put y,%,=y-a, ete.). 


Lt 
The At are commuting matrices: 


(3.4) iv l,l. 
It follows from (3.1) and (3.2) that 


(32D) (ol es olf =0. 
We also have 


(3.6) Val = 0 4 TETE = 0 ? 


ten- 


that 


42 Ch Ga BOMBING 
because 

Va vB = —- yp ya , 
(3.7) 


ya yin 


According to these equations (3.3) defines a 


satisfying 


y py pal. 


symmetric set of matrices 


{ OG pees OF 
| iil ey ALES 
(3.8) RAG elio 
Rea OF 
| (dine 0, 
also 
(3.9) WATT Ree 
Analogously, putting 
(3.10) Pi =a,+ By py-a 
and 
(3.11) OLE 
we have 
RTE EU 
TERRE RE AUS 
GaP) RARA 
Ho eu 
TT yotyce 
4. — Field co-ordinates. 
The tensor-spinors defined by (2.1) are orthogonal to n,, 6, and y,. Be- 


cause of this we can put 


= (r) 9) (7) 
0 — Vo sE TT PACA "i RALE 
ora (1) M DITO (r) 
= DA x a, ee ! W P p Vi NES 
; SA f(r) eS 1A (r) 
(4.1) Da SA RAT iv p Pd È 
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Then 
Tere ey ge = CALA arate SD DE NE DA 
aa 
= Ps 


In the same way we can deduce that 


(4.2) ie Cer a a LA 
Vi Vr A; Myre fey 


Myre [yp y 


Equivalently, but more symmetrically 


yo” = yo 
7 LC 


© His [ly 


(4.3) Dee PR 


«Mr È Vi 


on account of 


TUTO) ORD) | ON es fk UTC) 
1 Vi regia oe a. LI au Ye D MW x Dawe CRU 
— y Wr e (7) 
Si. ay & Pier z CORE yeas 
SORIA Re 
1 LATE 
The equation (4.2) allows then to express the tensor spinor ‘7! , as a 


My 
function of one spinor, namely: 


(4.4) eae! = of ate Ly. L'AREA 1 
5 yu") ey (r) 
(4.5) Sd SÙ TARE © 


4.5) shows an explicit separation of the tensorial part from WY. 
Mas Ur 
The tensor-matrix operator /' des carries all the subsidiary properties of 
Y® whereas the purely spinorial part WY” satisfies only the field equation: 
Mase lr ‘ . 


(4.6) yb = 0 


without any other condition. 

The s--1 Dirac spinors Ÿ° are then free components of the field. (4.5), 
(2.2) and (2.5), allow one to express the field entity as a function of these 
co-ordinates. 


44 C. G. BOLLINI 
When a gauge transformation is made, all but one of these spinors are 


changed. The only really free component is Ÿ, i.e. the completely « trans- 
versal » component of ‘7, , (see I). 


5. — Adjoint components. 


The adjoint spinor of Y” is defined by (1) 
Yor — Yrs A ’ 
©" being the transposed conjugate, and A the matrix such that 


R ne a Si A 
(521) di SaAy A0 A*t= A 
From (4.6) we deduce 
(5.2) Pry *- O0 = 0. 
(In the expressions like (5.2) it is understood that the derivation operator 
operates on the left). 
With (5.1) equation (5.2) is transformed into 


= you 4 y û JE = Wir y: la) A 0 - 


(5.3) Oy. d= 0. 


(5.3) is the equation adjoint to (4.6). 
Applying the star operation to the matrix /,, we have 


Lan I 


v 


I 


x, sa B,A aloe se) ya A 5 


x, sn B, A vB ya ake ’ 
(a, +B, y:B yx), 


~ 


=A 
re = AD A. 


(*) J. M. Jaucn and F. RonrLICH: The Theory of Photons and Electrons (Cambridge, 
1955), p. 53. : 
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In general 


~ 


(5.4) IRA A. 


Dir ree 


Transposing (4.5) and taking the complex conjugate 


mr gsm xx 
di =e be 


[yrs LI [eel 


= yn À if 4 u Az? 4 
r I pad cita? vadis 


= Yop Azo 
[ye 


Er 


Putting 
PEN yn* A 
Has Ur Las 
one has 
UE (r) yo 
(5.5) Eee I" / esita 


The decomposition (2.5) is now transformed into the adjoint decomposition 


E Us pe 110) 
(5.6) MR RE DE AE 
$=0 
where 
: 3 -(s—r) À os i c 
(5.7) A ae = PA =a 0 è ho. pi °°° Oy, Prove DI (een) i 


6. — Quantization. 


The s+1 spinors Ÿ are free co-ordinates satisfying the Dirac equation 
(with zero mass). It seems logical then to impose the anticommutation re- 


lations: 
(6.1) MAGICHE org!) = id” y-0Dle—a'), 
where we take 
6” = 0 when vr £7' 
and 


o = gi (not necessarily 1). 


e is the «weight » of the r-th free co-ordinate and depends on the way 


46 CHG BOL ENT 


in which it appears in the field Lagrangian. (4.5), (5.5) and (6.1) give: 


ee “ (x), DEN = AL Cr r), ee (a oy! ee = 
7 ii) 7 Na Me ZA 
— | ne a), Wei CE MO e SI 
(6.2) RIONI I e 
Now, with (2.2), we have 
(6.3) CORO DEIRA e 5 
where 
(6.4) ROSEE VE Saat caaseaasle) 


From (6.3) and the decompositions (2.5) and (5.6) we obtain 


(6.5) OT ul) VAGA] = ae Usi Py ny ODE ad ) 
with 
(6.6) IRE = > QU TR È 

t=0 


The anticommutation relations (6.5) are compatible with the supplementary 
condition. 


7. — Example spin 3. 
The decomposition (2,5) is now 


NIE 0) T1 1 
CRAN pe 
QI) n, Pg : YI) — cane, 


SE 
And the anticommutation relations are 
{ SEG r), YO (x ')} = je y 0 D(x et x!) 3 


LPO), PO) — ie y- 8 D(x — a), 
Ve NT (D) = ne Deen ie 
lol 
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It is easily seen that the last expression is actually independent of a par- 
ticular choice for «, and B,. In fact 


v 


Ph = A2 AUS AIAR | : a 
1 | je ie Vad pu ahi Ol, 70 (OY, # HES fe i N d,Yy) 5 


When both sides act on y:0D(x — 2’). 


RIASSUNTO (*) 


Nel presente lavoro si estende ai campi di fermioni di massa nulla la formulazione 
della teoria quantistica dei campi di tensori privi di massa. I] campo fermionico che 
nel formalismo di Rarita-Schwinger è rappresentato da uno spinore tensoriale è espresso 
qui in termini di semplici spinori di Dirac. Tali spinori di Dirac sono componenti libere 
del campo e si impongono loro le solite relazioni di anticommutazione. Si danno le 
corrispondenti relazioni di anticommutazione delle componenti del campo, che sono 
compatibili con le condizioni supplementari. 


(*) Traduzione a cura della Redazione, 
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On the Decay of !*Ba. 


R. K. Gupta, S. JHA, M. C. JosHI and B. K. MADAN 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 28 Novembre 1957) 


Summary. — The results of £-ray spectrometer studies and scintillation 
spectrometer studies of Ba are being presented. A new level in Cs 
at 160 keV has been found. The y-rays of energies 56 keV, 79 keV, 160 keV, 
224 keV, 277 keV, 302 keV, 358 keV, 383 keV and 437 keV have been 
detected. The conversion coefficients of some of the y-rays have been 
estimated. It has been found by a combination of the summing technique 
and the conventional coincidence technique that Ba decays with an 
energy of (53 + 2) keV to the 437 keV state of 133Cs by X-electron captures 
(46%) and L-electron captures (54%). A decay scheme is suggested. 


1. — Introduction. 


The isotope Ba, which decays by electron captures with a half-life of 
ten years, has been studied, in recent years, by LANGEVIN (!) and HAYWARD 
et al. (?). LANGEVIN found that Ba decays predominantly by L-electron 
captures only to the 440 keV state of ™°Cs. He found y-rays of energies 
70 keV, 80 keV, 290 keV and 360 keV. He estimated the decay energy of 
this isotope to the 440 keV state of Cs to be less than 40 keV. The decay 
scheme proposed by him is given in the inset of Fig. 2. HAYWARD et al. (?) 
found that there are electron capture transitions to both the 439 keV and 
382 keV states of Cs. He found y-rays of energies 57 keV, 82 keV, 300 keV 
and 357 keV. The difference in the results of LANGEVIN and HAYWARD et al. 
is that the 440 keV state decays, according to LANGEVIN by the emission of 
70 keV, 290 keV and 80 keV y-rays in cascade but according to HAYWARD et al. 
it decays by emission of 57 keV, 300 keV and 82 keV y-rays in cascade. Re- 


(1) M: LANGEVIN: Ann. de Phys., 1, 57 (1956). 
(?) R. W. Haywarp, D. D. Hoppes and H. Ernst: Phys. Rev., 98, 916A (1954). 
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cently Coulomb excitation of !**Cs has been studied and the y-rays of energies 
82 keV (4), 160 keV (#4), 302 keV (4) and 379 keV (4) have been observed. 

The results being reported here were obtained from the studies of a carrier- 
free source of Ba in a scintillation coincidence spectrometer and B-ray spectro- 
meter. A new level in "Cs has been found and some new y-rays have been 
detected. The energy values of some of the y-rays have been revised. The con- 
version coefficients of some of the y-rays have been estimated. Finally, it has been 
found that Ba decays to the 437 keV level by K-electron captures in 46% 
cases and by L-electron captures in 54% cases, the decay energy to the 437 keV 
level being (53 + 2) keV. 


2. — Beta-ray spectrometer studies. 


The source of Ba was obtained by chemical separation from CsCl target 
bombarded with about 25 MeV protons in the cyclotron of the Oak Ridge 
National Laboratory. The spectrum of the electrons from this source was 


500! 
400} 
300- È 
200! 

° 

e 
100 

ee 
0 200 400 600 800 X 2000 2200 2400 2600 
Be 
Pie. 1. — The spectrum of electrons from !8*Ba taken in a f-ray spectrometer. The 


main spectrum is a reproduction from our studies with Siegbahn-Slatis f-ray spectro- 
meter. The inset in the figure gives the spectrum of the higher energy electrons taken 
in a lens spectrometer. 


(3) G. M. Temmer and N. P. HEYDENBURG: Phys. Rev., 93, 351 (1954); 104, 


967 (1956). 
(4) L. W. Face: Bull. Am. Phys. Soc., 2, No. 4, 207 P, (1957). 
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studied in the Siegbahn-Slätis type intermediate focussing f-ray spectrometer 
and in a lens spectrometer (5). The spectrum is reproduced in Fig. 1. The 
high energy portion of the spectrum studied in the lens spectrometer is re- 
produced in the inset of the Fig. 1. 

The results of B-ray spectrometer measurements are summarized in Maple We 


Mera IL, 
| Electron line Possible | y-ray energy | Relative Notation 
energy in keV | assignment in keV | intensity | in Fig. 1 
42.6 K conversion | 78.6 | 100 vk 
72.9 L ) | 78.6 | 14.7 y! 
124.3 K ) | 160.3 0.25 È 
153 L > 158.7 | 0.06 vi 
188.3 K > | 224.3 | 0.06 È 
241 K » | 277 | 0.5 vi 
266 K ) | 302 1.08 vs 
320.5 K » 356.5 | 2.3 6 
352.3 L > 358 0.53 G 
377.2 L » | 383 0.08 È 
401 K » | 437 | 0.04 J | 


2 
x 


& 


In Table I, the first column gives the energy in keV of the electron lines 
appearing in the spectrum reproduced in Fig. 1, the possible origin of the 
electron lines is given in column 2. On the basis of the origin of the electron 
lines given in column 2, the energies of the y-rays are calculated and are given 
in column 3. Taking the intensity of the 42.6 keV line to be 100, the relative 
intensities of the other electron lines are given in column 4. The fifth column 
gives the notation by which the electron lines are marked in Fig. 1. Due to 
the thickness of the source, the possible electron lines below 42 keV are not 
resolved. It may be pointed out that on the basis of our interpretation, the 
L conversion line of the 277 keV y-ray is superposed on the K conversion line 
of the 302 keV y-ray, the Z conversion line of which is not well resolved. 
The K conversion line of the 383 keV y-ray falls on the Z conversion lines of 
the 358 keV y-ray. It may be emphasized that although the counts for the 
peak y; in the inset of Fig. 1 were not large enough to give good statistics, 
the hump kept appearing in all the runs. This hump has been interpreted 
as the AK conversion line of a y-ray of energy 437 keV. It is concluded that 
y-Tays of energy 78.6 keV, 160.3 keV, 224 keV, 277 keV, 302 keV, 357.5 keV, 
383 keV and 437 keV are emitted in the decay of %Ba. 


T. D. NAINAN, H. G. DEVARE and AmBus MUKERJI: Proc. Ind. Acad.. 44 Ad 
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3. — Scintillation spectrometer studies. 


The y-ray spectrum of !8*Ba source deposited on a mylar film fixed to an 
aluminium ring, was studied in a NaI(T1) scintillation spectrometer. In order 
to prevent the summing of the y-rays, the source was placed at a distance 
of 39 mm from the crystal. The spectrum is reproduced in Fig. 2. 


pe n 
600 sh 93 


Je 
aye 70 
Y> : 
500 
400! d 
So 80 
‘9, : 
Vp QUE 
w 
> 300 
> 358 keV 


79 keV 


302 keV 


I 


100 


4 1 1 J 
0 100 200 300 400 450 


Fig. 2. — The spectrum of y-rays from !3Ba taken in a scintillation spectrometer. The 
inset gives the decay scheme proposed by LANGEVIN. 


One can see from the spectrum that y-rays of energy 358 keV, 302 keV, 
277 keV, 79 keV and 56 keV are emitted along with 31 keV A X-rays. The 
56 keV y-ray appears better in the spectrum of Fig. 6 and in coincidence 
experiments which will be discussed later. 

In order to get the intensities of the 302 keV and the 277 keV y-rays, 
the peak at the 358 keV in Fig. 2 was resolved by making the Gaussian shape 
fits first for the 358 keV y-ray and then for the 302 keV y-ray. In this way 
one could accommodate a peak for the 277 keV y-ray also. The intensities 
of the y-rays relative to the intensity of the 358 keV y-ray are given in the 
Table II. In Table II the intensity of a y-ray of energy 160 keV also is given. 
This y-ray was not observed in the spectrum in Fig. 2. It was observed in 
the 8-ray spectrometer and in the coincidence studies with the scintillation 
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spectrometer. The intensity of this y-ray was estimated from coincidence 
studies. The intensity of 56 keV y-ray was obtained from the spectrum given 
in Fig. 6, where 160 mg/em? of Cu were inserted between source and crystal 
to cut down the high intensity K X-ray for better resolution of the 56 keV 


y-ray. 


TABLE II. 


y-ray | 56keV | 78.6keV | 160.3 keV | 277keV | 302 keV | 358 keV | 
— — — | | ji | | | I 
Intensity | 7.342% | 45.5+2% 0.4% | 3.342% | 22+2% | 100% | 
| | 
| 


4. — Coincidence studies. 


The radiation fron ##Ba were studied with two Nal(T1) scintillation spectro- 
meters in coincidence, with a resolving time of 0.5 us. The source was mounted 
on a holder with an anti-Compton shield. 
The photo-peak of a particular y-ray was 
accepted in one channel and the spectrum in 
coincidence was scanned in the other channel. 
The spectrum of the y-rays in coincidence 
with the 302 keV y-ray photo-peak in the 
gate and that with the 358 keV y-ray photo- 
peak in the gate are given in Fig. 3a and 
3b respectively. 

In coincidence with the 358 keV y-ray, 
one gets the 79 keV y-ray and one can see 
that the intensity of the scape peak is ne- 
gligible. In coincidence with the 302 keV 
y-ray, one gets a peak at 79 keV and another 
at 56keV. This latter peak cannot be ex- 
plained as anything but a y-ray peak. In 
view of this result and the results obtained 
with the 6-ray spectrometer, it is concluded 
that there is a level in !8*Cs at 437 keV which 
100 de-excites itself by the emission of 358 keV 

y-ray and 79 keV y-ray in cascade, and that 
AZIO ARE O th a also Coser es itself by the emission of 
the 302keV ray: b) The spectrum 56 keV, 302 keV and 79 keV y-rays in cascade. 
of the low energy y-rays in coin. For accommodating the 277 keV y-ray ob- 
cidence with the 358 keV y-ray. served in the. 6-ray spectrometer (Fig. 1 
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Fig. 3. — a) The spectrum of low 
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Table I) and suspected in the scintillation spectrometer studies (Fig. 2, 
Table II), the obvious thing to do is to assume a level in between the ground 
state and the 437 keV state of 3Cs either at 277 keV or at 160 keV. One 
would expect to get a 160 keV y-ray in coincidence with the 277 keV --ray. 
One can see from Fig. 4 and 5 that one does get the 160 keV y-ray peak in 


600 
400 
= 
€ 
= 160 keV 
= 
:200 
x 10 
0 n 
15 50 100 200 Er 300 350 
ENERGY - keV ENERGY - keV 
Fig. 4. — The observed peak of the Fig. 5. — The observed peak of the 
160 keV y-ray in coincidence with the 277 keV y-ray in coincidence with the 
277 keV y-ray. 160 keV y-ray. gg 


coincidence with the 277 keV pulses in the gate, and also the 277 keV y-ray 
peak in the coincidence spectrum with the 160 keV pulses in the gate. It is 
therefore concluded that the 437 keV state in 188Cs has another branching; 
it de-excites itself also by the emission in cascade of 160 keV and 277 keV 
1 -rays. 


5. — The determination of the decay energy. 


The decay energy of !5Ba has been estimated to be less than 40 keV (?). 
This estimate was rather indirect, and involved the accurate knowledge of 
the intensities of the K X-rays and the y-rays and their conversion coeffi- 
cients, and lastly the Æ fluorescence yield in ;;Cs. The decay energy has been 
measured here by a combination of the conventional coincidence technique 
and the summing technique, developed in connection with the determination 
of the decay energy of AU (°). The decay energy of Ba can be calculated (7) 
from the ratio of the probability of the Z electron captures and the proba- 


(6) R. K. Gupra: To be published. 
(7) H. Brysk and M. E. Rose: ORNL 1830 (January, 1 
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bilitv of the K electron captures, P,/P,. In order to find the ratio P,/P, 
in 83Ba, one needs to know the number of A X-rays in coincidence with the 
358 keV y-ray as well as the 79 keV y-ray (cf. the decay scheme in Fig. 7). 
One OSE thus to perform a triple coincidence study. Instead, one puts the 
source on the top of one of the crystals (in a conventional coincidence set up) 
so that one gets the sum peak of the 79 keV y-ray and the 358 keV y-ray at 
437 keV. This is shown in Fig. 6. 


8000 

7000 
(9 

6000 


50001 


4000 


358 keV 


Ù 


3000 


2000 


SUMPEAK 


(CORY) cp Fi) 


keV 
1000 


437 keV 


| | | si 
0 100 200 300 400 500 
ENERGY IN keV 


Fig. 6. — The spectrum of y-rays from Ba in a scintillation spectrometer with a 
copper absorber to cut down the A X-rays. It shows the sum peak of 358 keV and 
79 keV y-rays at 437 keV. 


With this sum peak in the gate, the number of coincidence counts were found 
when the scanning analyser gate was widened to accept the full K X-ray peak. 
This gave the number of A X-rays in simultaneous coincidence with the 79 keV 
and the 358 keV y-rays. The sum peak area is proportional to J... 


(1) Ne en 
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Qt 
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and the number of A X-ray counts found in the coincidence experiment is 
is proportional to TJ. 


ON 


= 
bo 
_ 


Ira = Nx6x8,,6 SS,o (1 — X:)(1 — X:), 
where N is the number of disintegrations reaching the 437 keV level per unit 
time, N,, the number of A electron captures per unit time leading to the 
same level. The number of L electron captures per unit time is, therefore, 
N,=(N—WN,). &, and e,, are the efficiencies of the detection of the 79 keV 
and the 358 keV y-rays in the crystal where the summing takes place, and ey 
is efficiency of detection of the K X-rays in the scanning crystal; this effi- 
ciency is taken to be 1. SS, is the solid angle subtended by the source at the 
gate crystal, and S, the solid angle subtended at the scanning crystal. Y, and 
XY, are the total conversion probabilities of the 79 keV and the 358 keV y-rays. 
The total conversion probability is related to the total conversion coefficient « 
by the relation 


and ©, is the K fluorescence yield in Cs atoms. 
From the relation (1) and (2), one gets 


(3) (N ,/N) = (do) x (1/m,€xS1) 
and 
= (PP) Ta iL ra ON AN)HON IN) ’ 


from the relations (3) and (4), the value of P,/P, for the transition to the 
437 keV state can be calculated, and so one can get the decay energy from the 
ground state of 1:Ba to the 437 keV state of 12°Cs (7). In the table below are 


given the results of a representative measurement. 


SET EMULE 


| | re È 
Solid angle Gate counts Poulcidons 
counts 
Sa I, Lx Lx Lys P, [Px 
0.113 1740 | 65 0.037 Ri 


From the P,/P, value of 1.17733, in Ba, the decay energy comes out 
to be (53-+2)keV. The total decay energy of this isotope is thus (491--4) keV. 
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6. — The conversion of y-rays. 


The K conversion coefficient and the Æ/L ratio of the 79 keV y-ray has 
been measured both from the decay of !8*Ba and the decay of “5Xe; the values 
found are «,=1.51 + 0.15 (5), 1.75 (1) and K/L+M=4.9 + 0.15 (8). In the 
spectrum reproduced in Fig. 1 the Æ and L conversion lines of the 79 keV 
y-ray are well resolved. The K/L conversion ratio was found from the ratio 
of the areas of the two peaks. The X conversion coefficient of the 79 keV +-ray 
was found by taking the spectrum of the low energy y-rays and X-rays in 
coincidence with the 358 keV y-ray (Fig. 35). The ratio of the A X-ray peak 
area including the escape peak and the area of the 79 keV y-ray peak, cor- 
rected for the Æ fluorescence yield in ;;0s and for À X-rays due to Æ electron 
capture, gave «, for the 79 keV y-ray. The value of «,=1.5 found here 
agreed with the value found by Bergstròm, but our value of the KX/L ratio 
is some 30% higher. For finding out the conversion coefficient of the 56 keV 
y-ray, the low energy y-ray and the K X-ray spectrum was taken in coinci- 
dence with the 302 keV y-ray (Fig. 3a). In this experiment one found the 
number of 79 keV y-ray, the number of 56 keV y-ray and a number of A X-rays 
due to the internal conversion of these y-rays. Making corrections for the 
contribution to the AK X-ray intensity from the K conversion of the 79 keV 
y-ray and the K capture one got the K conversion coefficient of the 56 keV 
y-ray from the ratio of the corrected K X-ray peak area and the 56 keV y-ray 
peak area. 

From the B-ray spectrometer studies (Fig. 1), one can get the ratio of the 
intensities of the internal conversion lines. From the scintillation spectro- 
meter studies (Table II) the ratio of the intensities of the unconverted part 
of the y-rays were found. From these two sets of values and the known con- 
version coefficient of the 79 keV y-ray, the X conversion coefficients of the 
other y-rays were found. 


In Table IV are given the energy of some of the y-rays emitted from !83Ba, 
the theoretical AK conversion coefficients of these y-rays, if they have £,, M, 
and Z, character, found by extrapolation from the values of ROSE (*) and the 
theoretical K/L conversion ratio (!°). Comparing these values with the expe- 
rimentally found values, the multipole character of some of the y-rays have 
been suggested. 


(8) I. BERGSTROM: Arkiv for Fysik, 5, 191 (1952). 

() M. E. Rose: Beta and Gamma Spectroscopy, edited by KAI SIEGBAHN, Ap- 
pendix IV. 

(9) M. E. Rose: Beta and Gamma-Ray Spectroscopy, edited by Kat SIEGBAHN, 
page 410. 


Ys4 


ON THE DECAY OF 133Ba 


TABLE IV. 


y-ray Theoretical xy Theoretical A/D 
Energy E1 MI E2 El MI E2 

56 keV 0.93 4.2 6.4 

79 keV | 0.33 1.55 21 Uo” 7.5 2 
160 keV | 5.0-10-2| 0.22 0.25 7.5 eo 3.8 
277 keV | KQe KG) AS Ae 
9028 eVANESTS IO | 330280 — — 
SOS EVO. 2 LOS ee 2071022 9 02102177 1.5 6.2 


7. — Decay scheme. 


DI 
Experimental Assigned 
Multipolarity 
Xx K/L assignment 
3.35 - MI 
125 6.9 MI 
0.4 4 H2% 
0.106 | — — 
2.35°10-2| — = 
| 1.65-10-2) 4.35 E2? 


The y-rays emitted from the electron capture decay of !88Ba can be fitted 


into a decay scheme given in Fig. 7. 


The excited levels of 18°Cs as a result of the decay of 18*Ba, at 79 keV and 
437 keV have been suggested both by LANGEVIN (1) and HAYWARD et al. (?). 
Our assignment of a level at 381 keV in place of the one at 370 keV agrees 


with the assignment of HAYWARD et 
al. (?). In the decay scheme proposed 
here, a new level at 160 keV has been 
If one depended entirely 
on the results of the coincidence work 


suggested. 


described above, one could not have 
been able to decide if this new level was 
at 160 keV or at 277 keV. 
of the results of Coulomb excitation 
on !83Cs (*4); which gives a y-ray of 
160 keV but not one of 277 keV, it 
appeared more likely that the 437 keV 
level de-excites itself by transition to 
a level at 160 keV. It was then possible 


In view 


A tentative 
of 133Ba. 


decay scheme 


to fit the weak intensity 224 keV y-ray, observed in the f-ray spectrometer, 


as due to the transition between the 381 keV and 160 keV levels. 


The 6-ray 


spectrometer evidence for the direct transition from the 381 keV level to the 


ground level is consistent with the Coulomb excitation result. 
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scheme above, a direct transition from the 437 keV level to the ground state 
has been shown with a dotted arrow because, although a hump was observed 
(Fig. 1 inset) in the electron spectrum in the f-ray spectrometer, an evidence 
for the occurrence of the unconverted part of this y-ray could not be obtained 
from the scintillation spectrometer studies. It was difficult because of the 
occurrence at this energy of the sum peak of the high intensity 79 keV y-ray 
and the 358 keV y-ray. By cutting down the intensity of the 79 keV y-ray 
with critical absorbers, all one could gather was that the intensity of the 
437 keV y-ray could not be more than about 5 per thousand disintegrations. 
It may be pointed out here that the intensity of the utconverted 277 keV 
y-ray has been observed to be very much larger than that of the 160 keV 
y-ray. Although the intensity figures are not very accurate, it seems that 
perhaps the 160 keV level decays not only to the ground state but also to 
the 79 keV state. 

The decay energy of the electron capture transition from the ground state 
of 133Ba to the 437 keV state of 133Cs has been measured to be (53 +2) keV. 
From this value of the decay energy and the half-life of 10 years, the log ft 
value has been calculated to be 5.6. The ground state of 1**Ba has been shown 
to be 4+ (11). Since the log ft value is consistent with the allowed character 
of the electron capture transition, the spin and parity of the 437 keV level 
of 180$ are perhaps 4+ or 3+. The ground state of *°Cs has a spin and 
parity $+. From the allowed nature of the 6-decay of 183Xe the ground state 
of which is 3+ to the 79 keV level of 18°Cs, one can perhaps conclude that the 
first excited state of 1°°Cs is $+ or 3+ or 3+. From the conversion coefficient 
of the 79 keV y-ray, one can conclude that this y-ray is M, in character; and 
from this one can conclude that the 79 keV state is 3+. From the conversion 
coefficient values, it seems likely that the 358 keV y-ray is #, in character. 
This would then indicate that the 437 keV state is 3*. The conversion coef- 
ficients of the 160 keV y-ray are not very reliable, but it seems that this y-ray 
also is H,. It seems likely that the 160 keV state is 3+. 

Lastly, it may be pointed out that the findings of LANGEVIN (1) and Hay- 
WARD et al. (?) are different regarding the percentage of electron capture transit- 
ions to different levels in 1°Cs. It has been estimated that the percentage 
of electron capture transition to the 381 keV level is not more than about 5%. 


(4) R. D. Hint, G. SCHARFF-GOLDHABER and M. McKrown: Phys. Rev., 84, 
382 (1951). 
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RIASSUNTO (*) 


Si presentano 1 risultati degli studi sul Ba eseguiti con lo spettrometro per raggi B 
e con lo spettrometro a scintillazione. È stato trovato un nuovo livello del !83Cs a 160 keV. 
Si sono scoperti i raggi y di energie 56 keV, 79 keV, 160 keV, 224 keV, 277 keV, 302 keV, 
358 keV, 383 keV e 437 keV. Si sono stimati i coefficienti di conversione di alcuni dei 
raggi y. Con una combinazione della tecnica d’addizione con la tecnica di coincidenza 
convenzionale si è trovato che il 183Ba decade con l'energia di (53-+2) keV allo stato 
437 keV del !88Cs con catture di elettroni X (46%) e di elettroni L (54%). Si propone 
uno schema di decadimento. 


(*) Traduzione a cura della Redazione, 
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Electronic Spectra of Mono-, Di- and Tri-Azines 
of the Naphtalene Series. 


G. FAVINI, S.-CARRÀ, V. PIERPAOLI, S. POLEZZ0 and M. SIMONETTA 


Istituto di Chimica Industriale 
Laboratorio di Chimica Fisica dell Universita - Milano 


ni 


(ricevuto l’11 Dicembre 1957) 


Summary. — The electronic absorption spectra of quinoline, isoquinoline, 
quinoxaline, phtalazine, quinazoline and cinnoline were taken. The 
bands are assigned to the different electronic transitions and for the x — 7* 
transitions the experimental results for position and intensity were com- 
pared with values from theoretical caleulation, to which they closely 
agreed. 


The ultraviolet spectra of quinoline, isoquinoline and benzodiazines have 
been described by different authors (1) in different solvents, but a complete 
comparison of the spectra of all these molecules in the same conditions is still 
lacking. In the present paper the spectra in cyclohexane and in methanol 
of quinoline, isoquinoline, phtalazine, quinoxaline, quinazoline and cinnoline 
are presented, the bands are assigned to electronic transitions and the results 
are compared with positions and intensities predicted for the same electronic 
transitions by the Pariser and Parr’s theory. 


1. — Experimental procedure and results. 


Materials: quinoline and isoquinoline were pure Eastman Kodak products 
purified by repeated distillation under vacuum; quinoxaline was a pure « Fluka » 


(*) R. A. FRIEDEL and M. Orcnin: Ultraviolet Spectra of Aromatic Compounds 
(New York, 1951); H. M. HERSHENSON: Ultraviolet and Visible Absorption Spectra 
(New York, 1956); A. R. Osporn and K. SHOrIELD: Journ. Chem. Soc.. 4191 (1956) 
R. C. Hirt, F. T. Kine and J. C. CAvVAGNOL: Journ. Chem. Phys., 25, 574 (1956). 


> 
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product, m.p. 27.5 °C; all the other azines were prepared and purified in 
our laboratory; quinazoline from o-nitrobenzaldehyde according to J. D. 
RIEDEL (?) (m.p. 48.5 °C); phtalazine 
from o-phtalic aldehyde, according to 
GABRIEL and PINKUS (3) (m.p. 91 °C); 
cinnoline according to DRAKE and | 
PECK (4) (m.p. 38°C). Eastman Kodak 45} 
cyclohexane and methanol were used 
as solvent. 


Spectra were obtained by the 
standard technique (°); the data are 
plotted in Fig. 1 to 6, as the log of | | 
the molar extinction versus wave | 
length (in À). 

Wave lengths and molar extinc- 
tions of the observed bands are col- è | 
lected in Table I; the band origin is 
also indicated. | 


2. — Theoretical treatment. 


| 

| 

The Pariser and Parr approxima- | | 
tion of the SCF LCAO MO method Si 3600 3000 3500 2000 
has proved to be useful in the inter- 
pretation and prediction of electronic 


Fig. 1. — Quinoline in: methanol] ————; 


i ; 5 cyclohexane ————— ; 
absorption spectra of azines (°°). To 


test the soundness of our band assign- 
ment to electronic transitions a Pariser and Parr treatment was performed 
for all the molecules studied. The details of the calculations are not reported 
here, as the scheme followed was the same as in a previous work (°). Also the 
values for all the parameters were already known. The geometry of the molecules 
was assumed from data for pyridine, pyrimidine and pyrazine by PARISER 
and PARR (6), on the assumption that in our molecules the benzene ring is 
a regular hexagon with C-C bond distance equal to 1.39 A. As starting orbitals 
naphtalene LCAO molecular orbitals were used (?). 

Results are summarized in Table II. 
(2) P. FRIEDLANDER: Fortschritte der Teerfarbenfabrikation, 8, 1238 (1907). 
(3) S. GABRIEL and G. PINKUS: Ber., 26, 2210 (1893). 
(4) N.-L. DRAKE and R. M. PECK: Journ. Am. Chem, Soc., 68, 1313 (1946). 
(3) M. Simonetta, G. FAVINI, S. CARRÀ and V. PIERPAOLI: Nuovo Cimento, 4, 
1364 (1956). 

(©) R. Pariser and R. Parr: Journ. Chem. Phys., 21, 767 (1953). 
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TABLE I. — Observed bands of quinoline, isoquinoline and benzodiazines. 
Band origin 
Compounds Solvent n — n* 1 x—x* 2° n—7* 
Arma (A) log é | Ar (À) log € ASI (A) log € 
ee | 
i Quinoline C 3130 3.344 2700 | 3.569 2300 4.428 
| 3 000 3.338 2 260 4.548 
M 3130 3.428 2775 3.532 2306 4.365 
3 000 3.485 2270 4.425 
Isoquinoline G 3 180 3.509 2 650 3.606 2 200 4.550 
3110 3.235 
3.050 3.288 | 
M 3200 3.497 2680 3.543 2200 4.550 
| 3 060 Joe 
Quinoxaline C (3 670) 2.400 3170 3.869 2 330 4.541 
(3 520) 2.750 3080 3.728 
3450 2.820 3030 3.734 
3390 2.850 2940 3.650 
M — — | 3150 3.809 2 340 4.418 
Quinazoline C 3130 3.313 | 2650 3.445 | 2180 4.629 
3 050 3.293 
2990 3.285 
| 
M 3050 3.342 2 700 | 3.394 2210 4.490 | 
| | 
Phtalazine | C | 3050 2.836 (2680 3.500 2180 4.350 | 
(2960) 2.857 2600 3.585 | 
2900 2.893 (2520 3.540 
M 2920 3.080 2620 3.502 2180 4.670 
Cinnoline C | 3925 2.451 | 2870 3.48: 2 220 4.663 | 
3 220 3.398 | 2760 SE 
3 180 3.300 
3 100 3.353 
M 3 200 3.410 2 800 3.395 2 250 4.598 


C= cyclohexane; 
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M = methanol; 


() shoulder. 


(es 


) Energies are with reference to zero energy for Vo: 


G. FAVINI, $. CARRÀ, V. PIERPAOLI, S. POLEZZO and M. SIMONETTA 
TapLe II. — Wave functions and state energies (*). 
Yr, UP (172 Wry. Yrse Energy (eV) 
A) Quinoline 

Wo 0.99443 — 0.001 34 0.00165 | —0.10455 | 0.01306 | —0.068 47 
Wi 0.002 02 0.53821 | —0.84282 | —0.00141 LE 0.000 38 4.353 81 
Yo 0.082 99 —0.01138 | —0.005 53 0.69939 | 0.709 80 5.477 06 
Ya 0.002 63 0.859 34 0.510 99 0.01907 | 0.00479 6.483 40 
Wa 0.065 06 0.033 10 0.021 86 0.706 98 | — 0.703 05 7.101 88 

B) Isoquinoline 
Wo 0.99033 | —0.05248 | —0.06381 | 0.05674 | 0.09578 | —0.11761 
Wi 0.025 82 — 0.762 60 0.59772 | —0.11052 | —0.219 66 4.382 42 
Yo 0.113 07 0.294 51 0.03499 | —0.79758 | 051295 5.553 35 
Va 0.032 87 0.465 74 0.74604 | —0.090 74 | 0.466 08 6.517 70 
Ya 0.068 43 0.335 79 0.283 80 0.58335 | —0.67950 7.311 40 

| 

CV) Quinoxaline 
Wo 0.99998 | —0.00304 | 0.00402 = | == —0.000 11 
Wy 0.004 95 0.39851 | —0.91817 — _— 4.140 46 
Wo — — | = 0.681 53 0.731 80 5.494 51 
Ws 0.001 20 0.917 22 0.398 54 = = 6.788 84 
Wa == = == 0.73180 | —0.68153 7.197 15 

= le : Ee sell £ 

D) Phtalazine 
Vo 0.97996 | —0.19491 | —0.04113 | = — — 0.232 90 
Wi 0.136 36 0.80711 | —0.57464 | = — 4.362 65 
Po = = == | (0.57467 I) ‘081337 5.36158 
Wo 0.145 26 0.557 43 0.81741 = — 6.758 15 
Wa — | — — 0.81837 | —0.57467 7.050 88 

| ak | 

E) Quinazoline 
Wo 0.98516 |—0.0521} | == 0.05847) 0.1140) == 0.10439 e010 7402 
Wi 0.006 16 —0.62983 | 0.75179 | —0.15625 0.116 77 4.433 83 
Po 0.129 99 —0.18526 | —0.108 66 0.704 06 0.664 28 5.625 32 
Ws 0.10488 0.727 03 | 0.640 65 0.215 96 0.057 81 6.679 70 
Wi 0.009 17 0.204 25 | —0.07112 | —0.647 20 0.730 94 7.326 32 

F) Cinnoline 

Wo 0.98557 | 0.01074 | —0.13149 | —0.05691 0.08953 | —0.163 92 
Wi 0.12011 | —0.65625 0.722 84 0.16135 | —0.079 92 4.259 85 
Wo 0.030 84 0.106 86 0.20951 | —0.79847 | —0.55333 5.183 66 
Va 0.060 54 0.713 14 0.644 65 0.08994 | 0.25318 6.441 38 
Wi 0.098 06 0.223 33: | —0.027 30 0.57010 | —0.78406 7.202 42 


Each row gives the coefficients of 


the configurational functions on the top of columns in the final wave functions listed in the 


first column. 
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From the energy values in Table II the energies of the two lowest x > a* 
singlet transitions were calculated and from the wave function coefficients 
the theoretical oscillator strengths for the same transitions were obtained. 
Results are reported in Table III and compared with experiment. 


| | 
a Il 


4500 7000 3500 3000 2500 2000 


Fig. 6. — Cinnoline in: methanol ———; cyclohexane —-——- : 


For comparison in Table IV energy values, wave functions energy diffe- 
rences and oscillator strengths for benzotriazine, and in Table V AE and f 
for (1,2-e)-as-naphtotriazine and the azines of the benzene series are shown. 

Consideration of Tables III, IV and V shows that the differences between 
calculated and experimental energies is never greater than 12% and that f 
values are always of the right order of magnitude. 


5 - Il Nuovo Cimento. 
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Taste III. — Theoretical and experimental energy differences and oscillator strengths for 
the two lowest singlet transitions. 


AE, (eV) fi AE, (eV) he 
Molecule 
cale. exp. cale. exp. cale. exp. cale. exp. 
Quinoline 4.422 4.46 0.076 | 0.104 | 5.546 5.45 | 0.005 | 0.385 


Isoquinoline 4.500 4.63 0.026 0.088 5.671 5.74 0.189 — 
Quinoxaline 4.140 3.93 0.208 0.110 5.495 Deol 0.000 | 0.285 


Phtalazine 4.596 4.73 0.033 0.093 5.594 5.69 0.000 | (0.410) 
Quinazoline 4.608 4.60 0.046 0.068 5.799 5.60 0.112 | 0.402 
Cinnoline 4.424 4.43 0.025 0.064 5.348 5.50 0.161 | 0.605 


TABLE LV. — Wave functions, energy differences and oscillator strengths for benzotriazine (*). 


—— = Fn = 
Yr, PV ss Wras Wrs Vs Energy (eV) 
Wo 0.986 06 0.003842 | —0.12323 | —0.04957 | —0.10016 | —0.14795 
wi 0.105 97 — 0.520 28 0.83033 | —0.15011 0.078 29 4.182 19 
Yo 0.112 84 0.050 77 0.10448 | 0.789 35 0.592 20 5.49471 
Ya 0.034 87 0.764 97 0.529 69 0.129 74 | —0.340 90 6.835 10 
Ya 0.050 11 0.377 80 0.05829 | —0.578 14 0.719 10 7.41190 
| 
AE: cale. 4.330; exp. 4.06 fi: calce. 0.082; exp. 0.10 
AE Cale, 5.043: exp. 5:37 fas Cale: 0.073, exp. (0:43 
(*) The values reported here are slightly different from values in our previous paper (*) owing 

to a small numerical mistake discovered in two matrix elements. 


TABLE V. — Energy differences and oscillator strengths for (1,2-e)-as-naphtotriazine and 
azines of the benzene series. 


AH, (eV AE, (eV 
i 00] a » (eV) SD Rete. 
rence | 
calc. | exp. cale. exp. calc. |-exp. | cale. exp. | 
Pyridine . .. | 4.90 | 4.95 | 0.046 | 0.041 gle (6) | 
Pyrimidine .| 5.05 | 5.15 | 0.038 = OA 
vira zie e || NAT RUBE MORO — (6) 
Pyridazine . . | 5.15 | 5.00 | 0.027 | 0.019 — (5) 
s-triazine . . | 5.29 | 5.29 | 0.000 — 0 _ (6) 
(1,2-e-)-as- 
naphtotriazine | 3.73 | 3.35 | 0.043 | 0.058 4.65 | 4.54 | 0.130 | 0.360 (7) 


(7) M. SIMONETTA, G. Favini and V. PIERPAOLI: Nuovo Cimento, 5, 1814 (1957): 
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Therefore the Pariser and Parr treatment with the adopted parameter 
values can be employed with confidence in the prediction and interpretation 
of the 7 > a* singlet transitions in the electronic absorption spectra of all 
the azines of the benzene and naphtalene series. 


RIASSUNTO 


Sono riportati gli spettri in metanolo e cicloesano delle seguenti molecole: chino- 
lina, isochinolina, chinossalina, ftalazina, chinazolina e cinnolina. Le varie bande sono 
assegnate alle opportune transizioni elettroniche; le loro intensita e posizioni sono in 


accordo con quelle calcolate col metodo degli orbitali molecolari nell’approssimazione 
di Pariser e Parr. 
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Parity Violation and the Polarization of Nucleons 
from Hyperon Decay (*). 


J. LEITNER 


Duke University - Durham, North Carolina 


(ricevuto l’11 Dicembre 1957) 


Summary. — A general expression for the polarization of nucleons from 
hyperon decay is obtained. It is shown that this polarization is purely 
longitudinal in the rest frame of the hyperon. Such longitudinal polariz- 
ation will have a component transverse to the nucleon momentum 
in the laboratory system and is thus detectable by means of nuclear 


scattering. 


1. — Introduction. 


DALITZ’$ (1) analysis of K particle decays has shown, subject only to 
angular momentum and parity conservation, that in spite of the identity of 
mass and lifetime of the 0 and + mesons, that the latter must be two part- 
icles of different spin-parity values. This 7-0 puzzle led LEE and YANG (?) 
to propose the hypothesis of parity non-conservation in weak interactions. 
The hypothesis has been partially verified in a series of experiments on @ de- 
cay (*), 7 and pw decay (*) and K, (5) decay. All of these interactions involve 
neutrino couplings, and the observed parity violation can thus be explained 
on the basis of the special properties of mass 0 fermion couplings, as developed 
in the two-component theory (°). 


(*) This work is supported by the United States Atomic Energy Commission. 
(1) R. Danirz: Phil. Mag., 44, 1068 (1953); Phys. Rev., 94, 1046 (1954). 

(2) T. D. Lee and C. N. YANG: Phys. Rev., 104, 254 (1956). 

(3) C. S. Wu et al.: Phys. Rev., 105, 1413 (1957). 

(4) R. L. GARWIN, L. M. LEDERMAN and M. WEINRICH: Phys. Rev., 105, 1415 (1957). 
5) B. Cork and W. WENTZEL: private communication. 

AL 


D. Læe and C. N. YANG: Phys. Rev., 105, 1671 (1957). 
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More recently, the domain of verification of the parity non-conservation 
hypothesis has been extended to include the A° hyperon decay (78). Since 
the A° decay does not involve a neutrino, the observed parity violation is 
strong evidence that the parity non-conservation hypothesis holds for all 
weak interactions. However the Columbia (7) and Berkeley (8) experiments 
find no evidence for parity violation in the =~ decay. This result is not con- 
clusive, however, since the parity violation is detected by observation of an 
asymmetry in the decay angular distribution which is present only if the hyperon 
is polarized at production (°). 

It is therefore of great interest to find a test of parity non-conservation 
in hyperon decay which is independent of the hyperon production process. 
Determination of the nucleon polarization provides such a test. 

It is clear that an unpolarized hyperon can have no recollection of its pro- 
duction, and hence that the polarization state of its decay nucleon can depend 
only on properties of the decay interaction. It is shown below that the decay 
of an unpolarized beam of spin 3 hyperons, if parity is not conserved, gives 
rise to purely longitudinally polarized nucleons in the rest system of the 
hyperon (!°). It is also shown that the complete sample of hyperons from any 
production process constitutes such an unpolarized beam; and then the de- 
tection of this longitudinal nucleon polarization by means of nucleon scat- 
tering, provides an unambiguous method for the detection of parity violation 
in hyperon decay, independent of the state of hyperon polarization at pro- 
duction. 


2. — Nucleon polarization in the decay of polarized spin } hyperons. 


Consider, for the sake of definiteness, the production and decay processes: 


Ttt+p > X*+K*>n°+p+K*. Let the momentum of the incoming pion 
in the laboratory system be p,,, the momentum of the hyperon be p,, and 


in 


that of the decay nucleon, in the hyperon rest frame, be p. The production 
plane is the plane of p,, and p,, the decay plane is the plane of p and p,. 
Then as production frame co-ordinate system, choose x along p,, 2 along 
(Pa XP.) and y perpendicular to p, in the production plane. As decay frame 


(7) F. EISLER et al.: Nevis Laboratory Report No. 58, to be published (Columbia). 
(8) CRAWFORD et al.: to be published (Berkeley). 
(*) T. D. LEE, J. STEINBERGER, G. FEINBERG, P. KABIR and C. N. YANG: Phys. 


Rev., 106, 1367 (1957). 

(10) These results have recently been reported by LEE and Yana. They were 
brought to the author’s attention, after the completion of this work, by a private 
communication (A Partial Wave Analysis of Hyperon Decay, to be published) from 
C. N. YANG. 
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reference system, choose X along p:, Z along (p, <p) and Y in the decay 
plane, perpendicular to p,,. 

We will write first the wave function, Ÿ, of a hyperon beam with polariz- 
ation of magnitude P and in the direction of the normal to the production 
plane, since the production reaction is parity conserving (?). Such a polariezd 
beam is an incoherent mixture of hyperons of spin up and spin down; then, 
in the production reference system, 


fo ye 9%) 
) 
Y = a z 3 
‘| — P 
(ITA 


where y is an arbitrary phase factor and Yi Yi ? are spin-angle functions for 
spin up and spin down respectively. 

Angular momentum conservation allows only s and p waves to enter into 
the final state, since the hyperon is assumed to be spin 3. If the s wave am- 
plitude be «, (chosen real) and the p wave amplitude be /, then the expansion 
into final states takes the following form 


1 


Y= ie {(a — B cos €)y,— (B sin é)e y 1}, 


vela We (DR PRIE) ne EGP cos) i 


where 7, and y_, are nucleon spinors for spin $ and spin —4 respectively 
and È, 7 are the polar and azimuthal angles of p in the production frame 
system (PF). The expansion amplitudes for nucleon spin up and down can 
then be used to write the nucleon wave function, yy, in the PF, 


: pee (x — B cos ei? — pe (B sin £)e-* 
ps5, n) = UG: pa? 


In order to calculate the nucleon polarization in the decay frame system, 
(DF), it is convenient to transform the spinor »,(&, 7), via the well known 
unitary transformation R (11), into p,(@, &, 7). This transformation corresponds 


(1!) See, for example, J. GOLDSTEIN: Olassical Mechanics (Cambridge Mass., 1951), 
Os QE 
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to a rotation of co-ordinate system through the Euler angles 0, D=y=0, 
since the x axis is common to both the PF and DF. Using the right handed 
convention of Goldstein, one finds 


cos 0/2 i sin 0/2 
he 


i sin 0/2 cos 0/2 


Then, 
pa(O, & n) = Rys(E, n); 


wpy(0, È, 7) can be written in terms of two independent planar angles, @ and y, 
where © is the angle between the production and decay plane normals and @ 
is the angle between the nucleon momentum and the hyperon momentum. 
If one does this and calculates the matrix elements of o,, 0,, o,, it is easily 
seen that the nucleon polarization P in the hyperon rest system is 


À + P sin Osing\ À 
(2) BEI, se Do 7) 8 + 
Pri 
P§B cos O + (1 +|Al?+ |B?) sin O cos / yA 
Be CHE PRE EE BaxP)XB + 
Px | 
P§(1 —|A |2?—|B|?) cos O+ B sin © cos! 
ul = | a la n TR ZA 
[Pn | 
where 
2 Re (a* 2 Im (ap* 
era Lo (ES mas CNG 
a+ o + pb? 


and |wy|} =1+PA sin © sing, and A indicates a unit vector. 
Using (2), one sees that the polarization, P, of the « beam » of nucleons 
consisting of all nucleons from the hyperon decay averaged over 6, is 


__ [P(0,9)pPd0 
Pg=°-—=4. 
fly, 2.40 


0 
3. — Conclusions and discussions. 


From (2), the following conclusions follow readily: 


a) If the hyperon beam is unpolarized, the nucleon polarization is purely 
longitudinal in the rest frame of the hyperon and is of magnitude A. 


a 
a 
(er) 
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b) Since A is proportional to the product of the opposite parity ampli- 
tudes, the nucleon polarization exists only if parity is not conserved in the 
decay. 


The longitudinal polarization (in the DF) has, of course, a component P,; 
transverse to the nucleon momentum in the laboratory system and thus can 
be detected by means of nuclear scattering. In particular, as is well known (7°), 
P, can be detected by the observation of a term in the angular distribution, 
of the form N-P , where N is the normal to the plane of scattering. Obser- 
vation of such a term is equivalent to the observation of an asymmetry with 
respect to the normal to the decay plane, in the distribution of scattered 
nucleon momenta, p'. From conclusions a) and b), it follows then that an 
observation of a correlation of the form (pyXp):p! is an unambiguous proof 
of parity non-conservation in hyperon decay. For the case of the & hyperons, 
the results of the Columbia and Berkeley experiments (along with charge 
independence), indicate that the &’s are indeed unpolarized at production, 
and the above experiment can be performed. 

From (2) it is clear that the nucleon «beam » consisting of nucleons in 
events with a given © and y, from polarized hyperon beam decays, has a 
non-zero polarization whether parity is conserved in the decay or not. However, 
it should be emphasized that since the detection of the longitudinal polarization 
requires only an observation of the correlation (pyXp):p', it does not involve 
the angle © which indeed specifies the hyperon polarization. 

Therefore if one averages over ©, as is done in (3), one observes, as expected, 
that the nucleon polarization is Ap regardless of the state of hyperon po- 
larization at production. It then follows that observation of an asymmetry 
in the distribution of p! with respect to the decay plane normal, is an un- 
ambiguous proof of parity violation in hyperon decay, independent of the state 
of hyperon polarization at production. In fact, the above statement is true, 
independent of the type of production process, since the hyperon polarization 
direction is always defined by pyXp,, even if the production process involves 
more than two particles or if the hyperon is scattered in nuclear material 
before emerging from the production process. A polarization experiment to 
detect parity non-conservation is then quite feasible for A as well as 2 hype- 
rons, from any number of bubble chamber exposures. 

Finally, it should be noted that the above results depend only on angular 
momentum conservation which places no restrictions on the s and p wave 
amplitudes « and f. It is well known that assumptions as to the invariance 
of the interaction under symmetry operators, do place restrictions on « and Bs 
In particular, if the hyperon decay interaction is invariant under time re- 


(12) L. WOLFENSTEIN: Annual Review of Nuclear Science, 6, 43 ff. (1956). 
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versal x and 6 must both be real (18); i.e. A is maximum. Thus, a measu- 
rement of the nucleon polarization provides a test of time reversal invariance 
as well as parity invariance, in hyperon decay. 


, 


cK ok ook 


The author would like to express his thanks to Dr. G. FEINBERG for many 
Stimulating discussions on the subjects treated above. He would also like to 
acknowledge an enlightening discussion with C. N. YANG and to thank him 
for communication of his results on this problem. The author should like to 
express his appreciation of helpful discussions with Drs. M. BLOCK, E. GREU- 
LING, M. DUNCAN, L. LANDowrrz and M. SCHWARTZ. 


(!*) W. PauLI: Niels Bohr and the Development of Physics (1955), p. 30. 


RIASSUNTO (*) 


Si ottiene un’espressione generale per la polarizzazione dei nucleoni nel decadi- 
mento degli iperoni. Si dimostra che tale polarizzazione è puramente longitudinale nel 
sistema di riposo dell’iperone. Tale polarizzazione longitudinale ha una componente 
trasversale al momento del nucleone nel sistema del laboratorio ed è pertanto osser- 
vabile per mezzo dello scattering nucleare. 


(*) Traduzione a cura della Redazione. 
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Higher Order Spinor Lagrangians. 


T, W. B. KIBBLE and J. C. POLKINGHORNE 


Tait Institute of Mathematical Physics - University of Edinburgh, Scotland 


(ricevuto il 13 Dicembre 1957) 


Summary. — Certain higher order spinor Lagrangians arise naturally in 
an attempt to write a recent theory of Feynman and Gell-Mann in con- 
ventional terms. Their quantization is investigated together with the 
possible forms for interactions. The theory that seems closest in spirit 
to that of Feynman and Gell-Mann leads to only a pseudovector interaction 
with pseudoscalar mesons and a Fermi interaction that is a mixture 
of A and V. 


1. Introduction. 


FEYNMAN and GELL-MANN (1) have recently proposed a universal Fermi 
interaction that seems to arise most naturally if the fermions are described 
in terms of the two-component solutions of a second-order equation rather 
than in terms of the (equivalent) first-order four-component Dirac equation. 
They introduce quantization by means of Feynman’s path integral formalism. 

In this paper we wish to discuss the extent to which this scheme may be 
reproduced in the more conventional terms of the canonical formalism applied 
to a Lagrangian. If we first consider only free fields the equation to be sa- 
tisfied is simply 


(1) (DIP m°)y = 0. 


Initially we shall consider a four-component y and make the reduction to a 
two-component quantity later. The Lagrangian that corresponds most directly 


() R. P. Feynman and M. GELL-MANN: Phys. Rev., 109, 193 (1958). 
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Qt 


to equation (1) is 


: |) ae 
(2) — = 50 + mt). 


m 


However it is well known that difficulties with an indefinite metric arise in 
the quantization of higher order spinor Lagrangians (2). We discuss the quan- 
tization of (2) in Sect. 2 and find the form these difficulties take in that case. 
Another difficulty is that the Lagrangian (2) can not be reduced to a two- 
component form. 

In Sect. 3 and 4 we discuss two other Lagrangians that are connected with 
linearizations of equation (1) but which are not linearizations of (2). They 
are in fact limits of linearizations of 


Ea 
(3) Tar M + m?)y . 


The regular linearizations of (3) have the twin disadvantages of corresponding 
to an indefinite metric and including the unwanted mass-zero solution of the 
equation 


(4) iy00 + mi) = 0. 


It is a remarkable fact that the improper linearizations we discuss have neither 
disadvantage. 

For the first of these linearizations the reduction to two-component form 
can be made quite simply by replacing (3) by its two-component counterpart 


=, 1 ) 2 
(5) Aria 


where o, =1, and o, (k— 1, 2, 3) are the Pauli matrices. However this linear- 
ization does not correspond to the way in which Feynman and Gell-Mann 
construct their solutions and does not lead naturally to their Fermi interaction. 

The other linearization is closer to the spirit of their paper. Here the 
reduction to an effective two-component form must be made using a subsidiary 
condition. 

We also discuss how the interactions may be written in terms of these 
linearizations. The second linearization seems to exclude a pseudoscalar 
interaction with pseudoscalar mesons in favour of a pseudo vector inter- 
action. It leads to a Fermi interaction containing A and V only. 


(2) Cf. A. Pars and G. E. UBLENBECK: Phys. Rev., 79, 145 (1950); R. J. N. PHIL- 
LIPS: Nuovo Cimento, 1, 823 (1955). 
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2. — Second order free Lagrangian. 
We consider a four-component x(x) satisfying the equation 
(6) (Chem) rene 
which may be derived from the Lagrangian 


(7) X(Ù + m?)y = 0. 


A systematic way of using the canonical formalism to obtain the commutation 
rules is given by the Schwinger principle (*). For this purpose it is easier to 
work with a linearized form of the Lagrangian. The procedure of linearizing 
the Lagrangian (7) may seem somewhat perverse since (6) was originally ob- 
tained by FEYNMAN and GELL-MANN from the Dirac equation, but it is the 
most systematic way of investigating its properties. 

A linearized form of the equations of motion (6) is 


(8) (iyvo+m)y =my,, 
(9) (vo — mp, = 0. 


These are in fact the equations originally used by FEYNMAN and GELL-MANN. 
They may be derived from the Lagrangian 


(10) — 2y(iy0 + m)x + Z(iy0 + mp + Pi 0 + m)x — MP . 


This is a true linearization of (7) in the sense that the equation of motion 
for y given by (10) is the same as that given by (7), and moreover if a substi- 
tution is made for y, from (8) into (10), the resulting Lagrangian is (7). 

The anticommutation relations derived from (10) by the use of the Schwinger 
principle are 


Lx (x, t), TAXE t)]+ = 0 , 
[yi (x, t), NEES t)|,=39(x— x’), 
5 


(11) 
[x (x,t), pi(x', t)], = 33 — x’), 


Cu (x, t), py (x', t)]: = d(x — x yee 


(?) J. SCHWINGER: Phys. Rev., 82, 914 (1951); 91, 713 (1953); T. W. B. KiBBLE 
and J. C. POLKINGHORNE: Proc. Roy. Soc., A 242, 252 (1957). 
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all other equal-time anticommutators vanishing. Equations (6) and (11) yield 
the four-dimensional anticommutator 


[x(x), x'(@)] = imp A(w — a'), 


where A(w#—~w’) is the familiar invariant function for mass m. 
To find a representation of (11) we write 


(12) x=3(W+%2), 


Then relations (11) are satisfied if 


(13) Lala, 8), pila, DI =[y.(x, 6), pix’, = 0, 
and 
(14) aaa 


From (8) and (9), y, satisfies the equation 
(15) (iy 0 +m)y,= 0. 


These results are hardly surprising, as the solutions of (6) are clearly con- 
nected with the Dirac equations for both positive and negative mass. If we 
substitute (12) into (10) we obtain 


(16) Prlivo 1) Pi(iy 0 + Mr, 


a superposition of the two first order Dirac Lagrangians for masses +m and 
— m. However these two Lagrangians appear in (16) with opposite sign and 
it is this fact that yields the negative sign on the right side of (14). This 
implies that the field y, is quantized with a negative metric, producing an 
indefinite metric (?) for the y field. The corresponding negative probabilities 
can be removed by redefining the scalar product in Hilbert space, replacing 
<a|B> by <a|(—1)™|B>, where n, is the number operator for the y, field. 

The Lagrangian (10) has the additional disadvantage that it cannot be 
written in terms of a purely two-component y. If we set 


(17) X1 = 5 £ys)x, 


then the term ymy couples y, to y-: If we wish to remove one of these fields 
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this can therefore only be done by a subsidiary condition of the form 


P|) =0, 
(18) 
1 |>=0. 


Clearly it would be an advantage to be able to write a Lagrangian in terms 
of a purely two-component y, thus avoiding the necessity of introducing a 
subsidiary condition. The possibility of doing this will be considered in the 
next section. 


8. — Two-component Lagrangian. 


Rather than impose a subsidiary condition (18), we might start from a 
two-component y satisfying (6). However it is now impossible to derive this 
equation from a Lagrangian of the form (7). In order to see what Lagrangian 
we may use we consider the linearization of (6) 


(19) 10 ,0,4 = MP, 
(20) io ,0,p = MX , 
where 6, =6,=1 and o,=—o, are the three Pauli spin matrices. These 


equations may be derived from the Lagrangian 
(21) L'io 0% + p'io' dy — my'g — my*y . 


This however is not a linearization of a second order Lagrangian. Indeed, if 
we substitute for g from (19) into (21) we obtain the third-order Lagrangian 


96 1 Te 
(22) Ria io O(L + m?)y . 


The simplest linearized Lagrangian corresponding to (22) is given by 
(23) prio 0% + p'io' op — my — mgty + 

+ Amé'p + mp — Etio0y — y'io 0€) 
for any non-zero value of À The equations of motion are then 


(24) io Oy = mp, 
(25) i0'0p = my + Amé, 
(26) (0050 
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Substituting from (24) and (25) in (23) yields (22) so that (23) is certainly 
a true linearization of (22). It yields commutation relations corresponding to 
an indefinite metric. A change from one finite value of 7 to another is evidently 
a trivial change in the normalization of £ However the Lagrangian (21) cor- 
responds in some sense to taking an improper limit 2 + 0 in (23). The taking 
of this limit is of course not a strictly permissible procedure, in view of the 
fact that 1-1 appears in the commutation relations; and (21) will therefore 
be termed an improper linearization of (22). It is remarkable that the choice 
of the Lagrangian (21) avoids both the difficulties of an indefinite metric and 
of the extra mass-zero field £ which occurs for (23) with non-zero À. 
However, the Lagrangian (21) is merely the Dirac Lagrangian 


(27) p'yo(iy 0 — m)p 


written in terms of two-component spinors, and correspondingly the equations 
(19) and (20) do not give a preferred position to either y and g. This lineariz- 
ation is not at all close to the spirit of Feynman and Gell-Mann, in that they 
start by assigning a preferred position to one two-component spinor. We 
therefore seek a linearized Lagrangian which gives the equations of motion 
in the form (8) and (9) but avoids the difficulties of an indefinite metric. 


4. — Third order free Lagrangian. 


A Lagrangian which satisfies the requirements stated is 


(28) 2X(iy0 + m)x +yrtyoyp, — X(tyo + m)y, — Piliye + m)x . 
The equations of motion are (8) and (9) and the commutation relations are 


Lx (x, t), (ES DI i 3 (x 5), 
[yi(x, t), pales tea x) 
Lx (x, t), vi(a', i), = 3 d(a Vi 


Mico dex 


all other equal-time anticommutators vanishing. Equations (8) and (9) then 
yield the four-dimensional anticommutator 


(30) [x(a), x'(2)]: = vp Ala — a). 
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If as in Sect. 2 we write 


L=3(Yi ty); 
then (13) is satisfied but (14) becomes 
(31) [ye(x, 1), pala’, #14 = dle — a). 
Again, y, satisfies (15) and the Lagrangian (28) becomes 
(32) Pr(iyo — m)y1 + Pr2(tye + my - 


The Lagrangian (28) is an improper linearization of the four-component 
Lagrangian corresponding to (22), namely 


ap 
(33) ay ays 
since it may be obtained be taking the improper limit 2 — 0 in 


(34) 2X(iy0 + mx + priydp, — X(iy0 + mp — pa (iy0 + m)x + 
+ A{mpé + mEy — Eliyd + m)x — Ziv + m)é}, 


which for non-zero A is a true linearization of (33) and yields an indefinite 
metric. 

Unfortunately, although (33) may be written in the two-component form (22), 
its improper linearization (28) cannot. Thus if we wish to have a Lagrangian 
which gives directly the equations of motion (8) and (9) we must use the four- 
component forms (33) and (28). The two-component form (22) allows only 
the (improper) linearization (21), not (28). Therefore we shall continue to use 
the four-component form (33) and remove the unwanted components of y by 
a subsidiary condition. 

The fields y, defined by (17) satisfy the commutation relations 


OL lO 
(35) | [x-(0), xiv], = 4 — ty,)yoy A(æ — x’), 

| 

| Era), x! (@M)] = x), x! (@)] = 0. 


Thus the fields y, are both dynamically and kinematically independent and 
it is therefore consistent to impose the subsidiary condition (18) on all phys- 
ical states. 
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We now define a field y by 

(36) my = V2 (iyd + my, 

which therefore satisfies the Dirac equation (9) and the commutation rules 

(37) [w(x), v'(x')]: = (yo — im)y, A(x — a). 


Comparing (35) and (37) we see that although y, possesses a definite « hand- 
edness », y constructed from it does not. . 
One could of course define another field y’ by 


my = 4/2 (iyo + m)y_, 


but if physical states contain no quanta of the y_ field then they cannot 
contain any of the y’ field either, and so y' is not of physical interest. 
5. — Interactions. 


We may consider how to form interaction terms by first considering bi- 
linear spinor expressions of the form 


(38) Pix =I XB>Y an Wi By ais Pi Bsy : 


The B’s appearing in (38) may be functions of position and depend upon 
Bose field operators. The Lagrangian (28)+(38) gives the equations 


(39) (và — my, = (Bi + 2B.)x + (Bi + 2B)n , 
(40) (iyo + m)y = my, + (Bi + Bag + (Br + Bi) - 


If we want equation (39) to be just an equation for y, and so impose the con- 
dition (*) (*) 


(41) B,19B, = 0. 


(*) It is interesting to note that in terms of the indefinite metric quantization of 
Sect. 2 (41) is just the condition that there are no cross terms between the y, and +» 
fields, i.e. the condition that the redefinition of the scalar product removes all ne- 
gative probabilities. 

(+) This condition is only strictly necessary for parity conserving interactions. 
The interaction proposed by FEYNMAN and GELL-MANN is obtained by taking B,= B,=0, 
and B, constructed from the x's of the other two fields participating in the four-field 
Fermi interaction. After the subsidiary condition has been imposed y is effectively 
3(1 + ty5)Y1- 


6 - Il Nuovo Cimento. 
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Furthermore, so that we may obtain an equation for y alone by elimination 
between (39) and (40) we also impose the condition 


(42) Bese 
The form of (38) that we consider is simply 
(43) 2xBx + w By — 7By, — Bz . 


The resulting equation for x is 


(44) (D+ m?)y = (Biyo + iy0B)x + Bx. 


If this is to be consistent with the subsidiary condition removing the field y_ 
from physical states we require that B should contain a linear combination 
of y, and y,y; only. In this way we may introduce the interaction with the 
electromagnetic field, A,, and a pseudovector interaction with a pseudo- 
scalar meson field, ®, by writing 


(45) B=- ey À, + Igy ,Y50, D 5 


It does not seem possible however to introduce a pseudoscalar coupling to ® 
and simultaneously to reduce y to a two-component quantity. 

If the Fermi-interactions are thought of as occurring through a coupling 
with an intermediate very heavy meson the considerations given above, show 
that they must be a combination, in general parity non-conserving, of A and V 
and no other invariants. We are led to the unique form (A-V) obtained by 
FEYNMAN and GELL-MANN by writing an interaction involving y only. 

The (A-V) interaction corresponds to the addition for the term 


(46) AA 


to the Lagrangian (21). However we are unable to suggest why, in terms of 
our formalism, g should not appear in the weak interaction Lagrangian. One 
might argue that y is to be taken as fundamental and @ treated as « derivative » 
but the choice between y and g is arbitrary and the parity conserving strong 
interactions require the presence of both. 


6. — Discussion. 


In a conventional form of theory, it is necessary that we should be able 
to write down a Lagrangian, and if we are to regard y as the fundamental 
quantity, it must be expressible in terms of y. If this Lagrangian is linearized 
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it must involve some other quantity besides 7, just as F,, appears in the 
linearized electromagnetic Lagrangian in addition to A,. The most natural 
choice from the present point of view would appear to be y,. However, it 
does not seem possible to express the Lagrangian in terms of y, and a two- 
component y, so that the difficulties of a subsidiary condition appear. 

The only perfectly consistent Lagrangian which can be written down, in- 
volving all interactions, is that in terms of y and g, i.e. the usual Dirac La- 
grangian in terms of two-component spinors. The problem here is that the 
free Lagrangian is perfectly symmetric with respect to y and g (apart from 
the trivial sign of the spin matrices), so that there is no apparent reason for 
giving y a preferred position. 


We wish to thank Dr. R. Shaw and Dr. J. C. TAYLOR for a most stimulating 
correspondence. One of us (T.W.B.K.) wishes to thank the Department of 
Scientific and Industrial Research for a maintenance allowance. 


RAS IS UN ER ORTES) 


Nel tentativo di mettere in termini convenzionali una recente teoria di Feynman 
e Gell-Mann sorgono spontaneamente alcuni lagrangiani spinoriali di ordine superiore. 
Si esamina la loro quantizzazione assieme alle possibili forme per le interazioni. La 
teoria che, nello spirito, appare essere la più prossima a quella di Feynman e Gell-Mann 
conduce solamente a un’interazione pseudovettoriale con mesoni pseudoscalari e a 
un’interazione di Fermi che è un miscuglio di A e V. 


(*) Traduzione a cura della Redazione. 
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Antiprotons in Nuclear Emulsions (*). 


A. G. EKSPONG, 8. JOHANSSON and B. E. RONNE 


Institute of Physics - Uppsala, Sweden 


(ricevuto il 29 Dicembre 1957) 


Summary. — In one stack of nuclear emulsions exposed at the Bevatron, 
Berkeley, we have found 10 events identified as due to antiprotons. The 
interaction characteristics have been analyzed and are reported. Of special 
interest is the observation of an elastic collision between an antiproton 
and a free proton. 


1. — The experiment and the scanning. 


In the joint exposure of nuclear emulsions to antiprotons set up and carried 
out by the Berkeley groups in May 1956, we had one stack exposed which has 
been examined at the Physics Institute in Uppsala. The stack consisted of 
120 pellicles, 4 in. «7 in., 600 um thickness. The thickness of each individual 
Sheet was measured prior to exposure. The average thickness being 616 um. 
The beam momentum was 700 MeV/c in the reference orbit. The stack was 
positioned with its center line 4 in. from the reference orbit on the higher 
momentum side. The momentum at the center of our stack being 720 MeV/c. 
The exposure time was 2.5 hours and the number of 6.2 GeV protons on the 
target ~1.5-101% The beam into the stack contains on the average 
0.88-105 pions/em?. Our observation of 10 antiprotons thus corresponds to a 
æatio of 1 antiproton in 650000 pions. Applying a correction for scanning 
loss (discussed below) the ratio is 1:550000. 

The scanning method has been « along-the-track » scanning starting 3 mm 
from the leading edge of the plate. All tracks were recorded which had a 


(*) Research supported in part by contract AF61(514)-1015 with the Air Research 
and Development Command, USAF, through its European Office. 
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grain density relative to minimum grain density in the same plate of 2.0-+0.4 
and with entrance angles within + 5° of the beam direction as measured in 


the same plate. Occasionally tracks with greater divergence were recorded. 
The grain density of minimum ionization has been found quite constant through- 
out the stack; the gap coefficient is 180 mm. 

The stack has been completely scanned twice. In the first search 7 anti- 
protons were found, in the second search 3 more. The total number being 
10 antiprotons. Judging from the experience of the two scanning runs one 
may estimate the scanning efficiency to about 60% or 70%. In scanning 
twice the effective scanning has then been 85-90%. We thus estimate the loss 
to 1 or 2 antiprotons in the whole stack. 


2. — Antiproton identification and interactions. 


Ten p_ have been identified by mass measurements and in that they give ~ 
rise to stars with a visible energy which is greater than their kinetic energies. 
All of these tracks which correspond to positively identified antiprotons enter 
the stack with less than + 0.5° angle to the beam direction as defined by 
10 pions entering the stack at the same point as the track under investigation. 
The grain density was also close to 2.0 g,,, (within 5%). 

We have also three more events which fulfill the above stringent entrance 
criteria. Two of the particles come to rest without interacting. They might 
be due to a background of positive protons or to antiprotons which give rise 
to no visible tracks. The third track gives rise to a small star after 9 cm 
path length. Mass measurements show that the particle is probably a deu- 
teron. 

Of the 10 identified antiprotons, 7 annihilate in flight and 3 at rest. We 
have carried out a special investigation to determine whether the last three 
antiprotons really reached the end of their path before annihilating or if they 
interacted in flight at low velocity. To do this we measured the length of all 
gaps between grains in the last 400 um of the antiproton tracks. Positive 
protons were measured in the same way for calibration purposes. The measure- 
ments give as values for the rest ranges the negative lengths: — 30 um, 
— 40 um, and — 40 um respectively. The standard deviation is about 50 um. 
Within the limits of experimental accuracy we conclude that all three anti- 
protons annihilated at rest. The total observed path length of antiprotons 
is 106.7 em. For a computation of the mean free path in the energy interval 
between 230 MeV and 20 MeV we need the corresponding observed path which 
is 106.2 em. The mean free path found by us is thus 2=(15.2 + 5.8) cm, 
which corresponds to a cross-section o/o, = 2.5 + 0.9, where o, is calculated 
for emulsion on the basis of a nuclear radius R=1.2A* fermis. 
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3. — Elastic p--p* collision. 


One event, number 6-6, was found which is interpreted as an elastic col- 
lision between the antiproton and a free proton of the emulsion. Such events 
are of extreme importance as the observation of many such events will enable 
us to calculate the elastic cross-section. Our measurements on this event 
constitute a proof that the interpretation is correct. We have also looked 
into the problem of determining the mass of the antiproton by a careful ana- 
lysis of this event. 

The antiproton, number 6-6, entered the emulsion stack with correct en- 
trance criteria. After a path length of 6.39 cm it was scattered 21.3° 
and was finally captured in flight after an additional path length of 5.17 cm 
giving rise to an annihilation star. At the scattering point another track 
started which was found due to a proton. 

The proton stopped in the emulsion with a range of 2.96 mm. The plane of 
the scattering event makes an angle of 47° with the plane of the emulsion. 
The coplanarity of the three tracks has been carefully measured. As a measure 
of lack of coplanarity we have taken the angle which any one of the three 
tracks forms with the base of the scattering tethraedron. This tethraedron 
has its top corner at the collision point and its base plane such that equal 
lengths are cut of all three tracks. Our measurements yielded the result that 
this angle is 4 = 0.02° + 0.07°, thus consistent with coplanarity. 

We measured all angles between the tracks and also the range of the proton. 
The latter was found to be R=2.956mm. Our emulsion density at expo- 
sure was (3.92 + 0.02) g/em’. Converting the range to standard emulsion den- 
sity and using the range-energy relation (') we get the energy for this proton: 
T = (26.40 + 0.25) MeV. The error is the standard deviation and takes into 
account the errors of the density measurements and the straggling. This error 
in 7 contributes by only 0.2% in the mass error of the antiproton. Of greater 
importance in a mass measurement from a collision event is the accuracy of 
the scattering angles. Besides the errors of measurement there are many 
factors which will have changed these angles since the exposure. Table I 
Summarizes the various types of errors which we have considered and also 
their respective contribution to the error in the computed antiproton mass 
in our case. 

We have made corrections for distortion (both first and second order), 
shrinkage of the emulsion, and for thermal drift of the microscope during 
measurements. The errors in the Table are the remaining estimated errors. 
The space angles were measured four times in each of two different ways and 


(1) W. H. BarKas: UCRL-3769, April 9, 1957. 
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the final result after corrections is: 


Scattering angle of po: @ == 21.28 407189, 


Space angle between outgoing p_ and pt: = 89.25° + 0.30°. 


The scattering angle in the center of mass system is: w*= 45.8°. 
The kinetic energy of the antiproton in the lab. system was 185 MeV. 


TABLE I. 
Type of error Contribution to 
error in p_ mass 
| 
(= = | 
Range error of proton 0.2% 
Error in shrinkage factor 0.7% | 
4: O | € / 
Error due to multiple scattering | BOGE 
Error due to distortion | 2.0% 
Error in angle measurement 2.0% 
| % 
Total error 4% 


The mass of the antiproton number 6-6 is then m, = (0.90 + 0.04) proton 
masses. It should be mentioned that the distortion correction was of con- 
siderable magnitude. Before this correction was applied the mass value was 
1.03 proton masses. The best mass value for the antiproton has an error of 
about 3% (2). In order to achieve a superior mass measurement in a collision 
event several of the errors in the Table have to be reduced. Such would be 
the case if the plane of the event closely coincided with that of the emulsion, 
because then the distortion correction and its uncertainty would be greatly 
reduced. A similar statement holds for the shrinkage of the emulsion. It 
seems to us that a favorable collision event would permit the mass of the anti- 
proton to be determined with an error less than 1%. 


4. — The annihilation stars. 
The identity of each track emitted has been established by various com- 
binations of range, ionization, and multiple scattering measurements. Below 


twice minimum we generally measure ionization by blob count, above this 
value by the method of gap coefficient. Particles at or near minimum ioniz- 


(2) W. H. Barxas et al.: Phys. Rev., 105, 1037 (1957). 
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ation have been assumed to be pions. Table II lists the stars with their total 
in charged particles and also the number of charged pions and 
heavy prongs, mainly protons. The energy re- 
lease in visible prongs is generally only a frac- 
tion of the total available energy W. The 
missing energy is attributed to neutral radiation. 
1 Fig. Lis a graph showing the fraction E,,./W 
for every star. 
The total number of charged pions is 22 in 
10 stars, i.e. (2.2+0.5) charged pions per star 
on the average. This figure does not include 
Fig. 1. — The fraction of the the number of reabsorbed pions. The energy 
total energy emitted as charged distribution of the pions is plotted in Fig. 2. 
ea We have four tracks where we have given only 
a lower limit to the energy. These (cross hatched 
in Fig. 2) have been distributed above this limit in the same proportion as 
those measured. The average pion kinetic energy comes out as T,,,—128 MeV. 


pion 


onergy E; 


Si 


sg, [] Pions 
FA Protons Er 
7 = 04 


TABLE II. — Data on the antiproton annihilation stars. 


Columns 2 and 3 list the number of charged pions N_ and heavy prongs Ny: Columns 
4, 5, and 6 list the total energy per star emitted in charged pions £_, in heavy 
prongs Eg, and the total visible energy H,,, = E-+ÉEg. Column 7 gives the kinetic 
energy of the antiproton 7,- at the interaction. Column 8 gives the total visible energy 


expressed as a fraction of the total available energy W. 


| Star- | ip it eects T, | 
number | Np | San il ev MeV | MeV Mey | EulM 
| i 
| | | | 
| 6-1 4 1 1 144 31 1175 Oy al O63 
| 6-9 3 1 645 SB UT 0 530 00.38 
| 6-8 3 4 | 935 142 1079 150 4) 0:53 
| 6- 5 3 3+2rec| 688 TIO 798 O | 0.43 
6- 2 3 7 709 165 | 874 153 | 0.43 
GRZ 2 5 421 113 534 0 i 0229 
6-6 oad 515 145 | 660 404 
6-10 l | 10 315 292 | 607 184 42020 
SE: La 15 290 - | 900 | 1190 96 0.61 
6- 7 0 10 0 346 | 346 210 017080 


The number of pions and their energy as observed are not the same as in 
the elementary annihilation process. In order to correct the number of pions 
and their average energy we need to know the nuclear excitation. The energy 
transferred to the nucleus is divided into two parts, the knock-on part U,. 
and the evaporation part U,,. The knock-on part is computed from all protons 


1016 


ANTIPROTONS IN NUCLEAR EMULSIONS 


89 


above 40 MeV kinetic energy to which are added the neutrons with the same 
energy distribution. The number of neutrons is taken as 1.2 times the number 


of protons. We find U,_=145 MeV per star. The 
evaporation part U,, has been estimated in two ways. 


In Fig. 3 we have tried to fit a curve calculated from ne | 
evaporation theory to the proton spectrum. We find U,, ie 
about 350 MeV. The other way was to add up all [à 
proton energies below 40 MeV, add the «-particle Ss TECO ey 
energies and also a number of neutrons. With refe- ac 
rence to the Collaboration Paper (2) we have taken È 
the neutrons to be 4 times as many as the protons È 
and with 3 MeV kinetic energy. Finally we add the D al 
binding energies of these particles and find U,,=305 MeV. 

Fig. 2. The pion 


An alternative way is to add the energy of all heavy si 
particles as if protons, add neutrons in the same manner SDS SEULS 
and finally the binding energies. The result has then 
to be reduced by an empirical 15%. We then find U, —297 MeV. The 
second approach thus gives U, — 300 MeV. With regard to the fit in Fig. 3 
we have taken U,, = 325 MeV. This figure is high compared to the one 
given in the Collaboration Paper (2), viz. 170 MeV. 
However, there is also another difference, na- 
mely in that our stars emit 4 evaporation pro- 
tons per star on the average whereas the figure 


«- particles 
estimated ) 


O Protons 


10 (estimated) 3 
170 MeV corresponds to 2 evaporation protons 


I per star. These differences may be seen in the 
light of the kind of stars; our stars have occur- 
red mainly in flight and it seems quite reason- 
able that the antiprotons have penetrated some- 
matter. We thus 
expect that more pions will have interacted 
with the nucleus. As we will see in the fol- 
lowing we arrive at a number of 2.0 pions inter- 


what deeper into nuclear 


Fig. 3. — Energy spectrum of 
heavy particles with energies 
below 60 MeV. The curve has 
been calculated from evaporat- 
ion theory and has been fitted 
to the proton energy spectrum 
by assuming U., = 350 MeV. 


acting per star, to be compared to 1.3 in the 
earlier data (2). 

We assume with reference to the Collabor- 
ation Paper (?) that in the elementary act of 
annihilation on the average a certain number, n, 
of charged and neutral pions are emitted. The average kinetic energy of the pions 
in the elementary act is 7’. The problem is to determine both n and 7” from the 
observed data. The fate of the emitted pions is that a number » interact with 
the nucleus where the annihilation took place. A certain fraction, a, of the 
interacting pions is absorbed and its energy goes to an excitation of the 
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nucleus. The remaining fraction (1 — a) is scattered and comes out with a 
lowered energy, T,. The energy lost is (Z’ —T,) which adds to the nuclear 
excitation. Let the excitation be U. We then have 


(1) USES (tera DOO 


140 MeV being the rest mass of the pion. 

On the other hand we have observed n, charged pions with an average 
observed energy 7. The value 7 is equal to 7’ minus the reduction in energy 
due to scattered pions. The number of charged scattered pions is 3(1— a)». 
The factor 2 corresponds to the assumed fraction of charged pions (based on 
charge independence). 

We then have 


2(1—a 
(2) p= pr #0) (pin) 
No 
Our observed values are 
U = 470 MeV 
T = 128 MeV 
iy == Zo 


We further assume that 7,= 50 MeV (not a critical value), and a= 0.75. 
The relations (1) and (2) give 


y = 2.0 
T'— 143 MeV. 
The number, n, of pions emitted in the elementary act is the sum of the 
observed number of pions (corrected for scanning efficiency 1/e) and a cor- 


responding number of neutral pions and finally the number of absorbed pions, av. 
Thus 


nN = en- 3+ av. 
We have observed 
N= 2.2 + 0.5 
and assume 
ei Oe, 


The result is that the average number of pions in the elementary act is 
n = 5.1 + 1.0. 


The sign of the charge on a pion is observable only for stopping pions. 
We have observed the following cases: 2x- and 2x+. In order to obtain more 
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information on the sign of charge one should have access to rather large and 
expensive stacks in which a greater proportion of the pions would come to rest. 

We have looked especially for charged K-mesons. No K-meson was found 
in all 10 stars. 


5. — The annihilation process. 


It was suggested by observations made in the Collaboration Paper (2) that 
the annihilation process takes place in a region outside the nuclear surface 
where the nucleon wave function is small. This conclusion was based on the 
fact that the fraction of pions absorbed or inelastically scattered is rather 
small. It was also concluded that stars with much energy released in heavy 
prongs correspond to annihilations in flight where the antiproton has pe- 
netrated deeper into nuclear matter. Among our 10 stars is one, number 6-3, 
which seems to further support this picture. The event was formed by an 
antiproton in flight at an energy of 7, = 96 MeV. The star consists of 15 
heavy prongs and 1 pion. Among the 15 heavy particles are 5 high energy 
protons with the energies 68, 72, 102, 140 and 275 MeV, respectively. Another 
support to this picture is that our stars which mainly are due to annihilations 
in flight show a rather high nuclear excitation and the number of interacting 
pions. is-high, viz. » = 2.0. 
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RATS > USN DOF (+) 


In un pacco di emulsioni nucleari esposto al bevatrone di Berkeley abbiamo trovato 
10 eventi identificati come dovuti ad antiprotoni. Si sono analizzate e si riportano le 
caratteristiche dell'interazione. Di speciale interesse è l’osservazione di una collisione 
elastica tra un antiprotone e un protone libero. 


(*) Traduzione a cura della Redazione. 
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Nucleon-antinucleon Forces in the Intermediate 
Coupling Theory (*). 


M. Lrvy 


Ecole Normale Supérieure - Université de Paris 


(ricevuto il 29 Dicembre 1957) 


Summary. — A semi-phenomenological approach to meson theory is used 
in order to calculate the nucleon-antinucleon complex interaction res- 
ponsible for the scattering and annihilation of antinucleons in hydrogen. 
It is assumed that the main part of the imaginary potential is due to 
processes involving virtual annihilation into an arbitrary number of 
mesons, all of them but one being emitted or absorbed in a p-state. 
An effective Hamiltonian is derived for such processes, from which a 
static interaction can be calculated, the nucleon and antinucleon being 
treated as fixed sources. The intermediate coupling theory of Tomonaga 
is extended to the two-body problem and applied first to the calculation 
of ordinary nuclear forces and of the real part of the nucleon-antinucleon 
interaction. The annihilation Hamiltonian is then treated approximately 
by the intermediate coupling method. The imaginary part of the potential 
is found to have a range of the order of 2 to 3-10- em, beyond which 
it becomes a weakly oscillating function of the nucleon-antinucleon 
distance. The physical meaning of this result is discussed, as well as 
the effects which would tend to sharpen the definition of the emitted 
pions multiplicity. In particular, a method is proposed to investigate, 
in the framework of the intermediate coupling theory, the influence of 
the excited states of the nucleon-antinucleon system. 


4. — Introduction. 


The experiments on the interaction of antinucleons with nucleons which 
have been performed at Berkeley ('*) have revealed several features which 
seem, at first sight, surprising: 

(*) Supported in part by the United States Air Force through the European Office, 
Air Research and Development Command. 

(*) B. Cork, G. LAMBERTSON, O. Piccronr and W. WENZEL: Phys. Rev., 107, 248 
(1957); see also the lecture notes by O. CHAMBERLAIN: Summer School of Les Houches 
(1957) 

(2) W. BARKAS et al. (antiproton collaboration experiment): Phys. Rev., 105, 1037 (1957). 
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1) Total cross-sections are large (of the order of 100 millibarns) and ap- 
proximately constant between 200 and 700 MeV. In this connection, it should 
be noted that the « geometrical » cross-section of a nucleon with a radius of 
0.3-107!? cm (*) is equal to 20 mb; on the other hand, the quantity 477? in 
the center of mass system varies roughly from 40 mb at 300 MeV to 20 mb 
at 600 MeV. 


2) The ratio o between scattering and total cross-sections is relatively 
small, although its exact magnitude is still in doubt. Total cross-sections 
have been measured so far by attenuation of the beam in an hydrogen target, 
whereas the scattering cross-section is estimated indirectly from the production 
of anti-neutrons through charge exchange scattering of anti-protons. An 
upper limit of 0.2 has sometimes been given for o. 


3) A fairly high average multiplicity 7 = 5.3 + 0.3 of x-mesons pro- 
duced in the annihilation of anti-protons has been observed in photographic 
emulsions (?). In order to interpret this multiplicity in the framework of 
Fermi’s statistical theory, it is necessary to assume an interaction volume which 
is much too large to appear reasonable at first sight (1). 


It should be noted that the difficulty to interpret these experimental findings 
does not so much come from the fact that total cross-sections are large as has 
already been pointed out by BALL and CHEW (5). Actually, those who have 
some experience in analyzing high-energy nucleon-nucleon scattering know 
that the difficulty there is rather to account for the small observed cross- 
sections. The feature which is hard to understand in these Berkeley experi- 
ments is the combination of a large total cross- section with a small value of o. 

In order to illustrate this point, let us consider, simply on the basis of the 
well-known general limits (*) which exist on o,,,,, and o,,, the minimum 
number of partial waves required in order to obtain a given value of 0, if 0,,,, 
is fixed to 100 mb. For simplicity, we assume that each partial wave con- 
tributes equally to the total cross-section for 1< L, and gives no contribution 
for {> L (7). We then find the following inequality 


Le LE = Otot. 
(ED Digi LIRE 


W. CHAMBERS and R. HorsTADTER: Phys. Rev., 103, 1454 (1956). 


(2) 

(4) R. Gatto: Nuovo Cimento, 3, 468 (1956); G. SUDARSHAN: Phys. Rev., 103, 
777 (1956); see also ref. (2). 

(5) W. Batt and G. F. Cnew: U.C.R.L. Report 3922, to be published. 

(6) See, for example: J. BLATT and V. F. WEISSKOPF: Theoretical Nuclear Physics, 
Da GRU 

(7) This assumption very probably underestimates Z, since it is much more likely 


that the partial cross sections decrease when ! increases. 
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where s(Z) is given by 


The minimum number L,,, +1 of partial waves, including S-waves (ZL, cor- 
responds to a strict equality in Eq. (1.1)) is given in Table I for several values 
of 0 and Z,,,, the kinetic energy of the antinucleons in the laboratory system. 


TABLE I. — Values of (Imin-+1). 


rd aK i | 
By, (MeV) | 9 =0.1 0 = 0.2 eed: 
150 6 5 4 
300 | 8 6 5 
500 11 8 7 | 


These relatively large values of L,,,, +1, combined with the observed high 
pion-multiplicity 2 mentioned above, clearly indicate that what is needed, in 
order to account for the experimental results, is a relatively weak annihilation 
force with a very long range. This was already inferred by KoBA and TAKEDA (8) 
in their « black sphere » treatment of the antiproton-proton annihilation; it 
is also confirmed by a phenomenological analysis (*) based on a complex po- 
tential V-+iW, where V and W are taken as square wells of different depths 
and ranges. In order to obtain a value of o equal to 0.2, for example, the 
range of W must be at least equal to 3-10-!3 cm. 

In the following, we shall also use the concept of a complex potential 
V+iW, the imaginary part of which being what we call « annihilation force » 
(although it also contributes, of course, to the scattering). It appears, at first 
sight, very difficult to reconcile the long range of W with meson theory, at 
least in the frame-work of its various weak coupling versions which have been 
proposed in the last few years. If one adopts the idea that nucleons and anti- 
nucleons are made of a core surrounded by a meson cloud, the range of the 
«ordinary force» V is determined by the overlapping of the clouds, whereas 
the range of W should be connected with the overlapping of the cores. The 
indication that the core is much bigger that one usually believes is perhaps 
not without relation with the problem of nucleon structure, where a similar 
indication is also found (1). 


(*) Z. KoBa and G. TAKEDA: Antinucleon Scattering, to be published. 

(9) M. GOURDIN, B. Jancovicr and L. VERLET: private communication. 

(19) See, for example, a discussion of this point in: D. YENNIE, M. Lévy and 
D. RAVENHALL: Rev. Mod. Phys., 29, 144 (1957), especially footnote (EN 
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In any case, if the Berkeley experiments are to be explained on the basis 
of meson theory it is clear that a new mechanism must be found in order to 
describe the annihilation, and that it will have to be different from weak coup- 
ling. However, if this mechanism is obtained, there is no reason to give up 
in the nucleon-antinucleon problem, the semi-phenomenological approach 
which has been very successful in the past, at least in the low and intermediate 
energy regions. In this approach—which was first clearly formulated, in the 
case of the two nucleons problem, by TAKETANI (!!)—the +-meson field theory 
is believed to yield correct results for the « outer region », but has to be re- 
placed by appropriate phenomenological boundary conditions at the «inner 
region », for which there is no trustful relativistic theory at present, and where, 
in any case, new effects due to other particles must play a large role. There 
remains an «intermediate region », where it has been found necessary to com- 
plete the predictions of meson theory by more or less phenomenological addi- 
tional forces (!2). The same approach can be used in the present problem be- 
cause most of the absorption must occur at large distances. Then, only the 
contribution of the partial waves corresponding to low values of J will be 
sensitive to the phenomenological boundary conditions. As has been seen 
above, these partial waves contribute mostly to the scattering and very little 
to the annihilation. In other words, what we propose to do is to start from 
the fixed source meson theory, suitably modified te take into account absorp- 
tion and to compute from it the complex potential; we shall then consider 
that the procedure is justified a posteriori if we obtain a long range for W. 
As for the real part, it will turn out, as will be seen in Sect. 3, that it is not 
substantially different from the potential which is given by the ordinary charge 
symmetrical Yukawa theory: 


(ae) LE VA i UA We i ete. ……. 


where V,, is the corresponding 2n-th order potential between two nucleons 
(V,+ V, is essentially the Gartenhaus potential (1°)). 

Apart from the problem of the range, another difficulty connected with W 
is that, according to the meson theoretical ideas on which were based the 
successful developments of recent years (11), it has always been thought that 
virtual creation and annihilation of nucleon—antinucleon pairs is a relatively 
rare process (small s-state contribution in x-p scattering; no « pair term » in 


) M. TAKETANI, S. NAKAMURA and M. SASAKI: Progr. Theor. Phys., 6, 581 (1951). 
) P. S. SieneLL and R. MARSHAK: Phys. Rev., 106, 832 (1957). 

13) S. GARTENHAUS: Phys. Rev., 100, 900 (1955). 
) G. F. CHEw and F. E. Low: Phys. Rev., 101, 1570 (1956). 
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nuclear forces, ete. (15)). This seems also to agree with the data on the pro- 
duction of real pairs at Berkeley, although they are not so easy to interpret, 
being obtained from experiments on complex nuclei (where the observed anti- 
protons are probably produced mostly at the nuclear surface). The question, 
therefore, arises why the absorption process is so highly probable. 

The answer to that question must, of course, be looked for in the fact that 
the production of a pair is a single pion event, whereas the annihilation in- 
volves many pions (as indicated by the observed #). This leads us naturally 
to the model which we have used. In addition to the processes which con- 
tribute only to F, we suppose that there are annihilation diagrams of the type 
drawn in Fig. 1. In this diagram many mesons are emitted in p-state by 

the nucleon-antinucleon pair (through the p-state 

N i _n coupling constant f of the Chew-Low theory) before 
SG . it annihilates once virtually into an s-state meson 
Sia through a vertex to which we suppose that a «small» 
Ree coupling constant J’ is attached (its smallness comes 
“A from what is usually called the « pair damping » pro- 
T In 
other words, we would like to compute the annihil- 


cess, on which we do not intend to elaborate). 


ation force to all orders in f?, but to the lowest order 


in /°. 


Fig. 1.— General diagram 

for the virtual annihil- 

ation of the nucleon-anti- 
nucleon system 


It can then be shown easily that the pair 
creation and annihilation processes can be eliminated 
entirely to this order by adding a new interaction 
term H,, to the familiar Hamiltonian H, of the 


Chew-Low theory (**). The derivation of this « effec- 
tive» interaction, which is essentially responsible for the appearance of an 
imaginary potential W, is given in Sect. 2. 

The next problem is to compute the potential energy from the total Hamil- 
tonian. It is clear that, for this purpose, weak coupling treatments are in- 
adequate, since the calculation must essentially take into account those inter- 


mediate states where many pions are present. On the other hand, processes 


where few 7-mesons are exchanged contribute so little to the annihilation 
that it is not necessary to calculate them accurately. Finally, when a large 


(5) In writing this ete., we have specifically in mind the evidence based on the 
70-lifetime (see, for example, the discussion in BETHE and DE HOFFMANN: Mesons and 
Fields, 2, pp. 7 and 404). The situation. however. has become much less clear, now 
that a new more precise upper limit has been obtained for this lifetime (G. HARRIS. 
J. OREAR and S. TAYLOR: Phys. Rev., 106. (1957)). In any case, it should be 
kept in mind that, in this phenomenon, other effects than the virtual nucleon pairs 
damping can very well play a dominant role (see, for example, the discussion of the 
introduction of Pauli moments in the electromagnetie vertices. by H. KATSUMORI: 
Progr. Theor. Phys., 12, 241 (1954)). 
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number of mesons are exchanged, so many summations over all possible states 
have to be performed that, statistically, everything looks as if all the mesons 
had been emitted in the same state. For all these reasons, we decided that 
the intermediate coupling theory of Tomonaga ('*) was best suited for our 
purpose. It has indeed been shown by STROFFOLINI (7) that the amplitudes 
for n mesons obtained through the intermediate coupling treatment of the 
one-body problem (**) represent a poor approximation to the exact ampli- 
tudes when » is small, but that the approximation becomes more adequate 
for higher values of n. 

We have consequently been led to a generalization of the intermediate 
coupling method to the nuclear forces problem. A generalization of this type 
has already been attempted by NOGAMI and HASEGAWA (!*) who, however, 
in order to remain in the spirit of the Chew-Low theory, limited their consi- 
deration to processes in which only one or two mesons are exchanged. Since 
this is obviously not sufficient in the present case, we have treated the two- 
body problem by a rather different method, where no formal difference is made 
between the «bound» mesons of each nucleon cloud and the « unbound » 
mesons exchanged between the two nucleons. This calculation of the nucleon- 
nucleon force and of the real part of the nucleon-antinucleon potential is given 
in Sect. 3. The problem of the complete interaction (in the nucleon-anti- 
nucleon case) is treated in Sect. 4. The main difficulty which arises when 
H, and H,, are both present comes from the fact that, in the two-body problem, 
a meson emitted in a p-state with respect to one nucleon can be absorbed in 
an s-state around the other one, and inversely. There appear therefore, in 
the potential energy, interference terms between s- and p-state mesons, and 
an appropriate modification of the Tomonaga trial functions must be made. 
In Sect. 5, the asymptotic form of the imaginary part of the potential W is 
computed, using a special isotopic spin dependence of H,,. It has not been 
found, so far, necessary to compute W in a detailed fashion, owing to the 
present uncertainties over the experimental situation (especially concerning 
the charge distribution of the 7-mesons produced). It is nevertheless clear 
that a long range force is obtained, and that its main characteristics do not 
depend strongly on the model used. The physical meaning of this result, as 
well as other predictions which can be tested experimentally, are discussed 
in the same Section. Finally, the influence of excited intermediate states of 
the nucleon-antinucleon system is examined. The interest of these excited 


(15) S. Tomonaca: Progr. Theor. Phys., 2, 6 (1947). 

(17) R. StROFFOLINI: Phys. Rev., 104, 1146 (1956). 

(5) M. H. FRIEDMAN, T. D. Lee and R. CHRISTIAN: Phys. Rev., 100, 1494 (1955). 

(13) H. HaseGawa: Progr. Theor. Phys., 13, 47 (1955); Y. Nocami and H. Hase- 
Gawa: Progr. Theor. Phys., 15, 137 (1956). 


7 - Il Nuovo Cimento. 
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states is that they tend to sharpen the definition of the multiplicity of the 
produced pions in accordance with the experimental results as they are known 
presently. 


2. — Derivation of the annihilation hamiltonian. 


This section, where we intend to derive the effective Hamiltonian respon- 
sible for the annihilation, is the only one of the present paper where rela- 
tivistic operators (i.e. the nucleon-antinucleon field y(x), the pseudoscalar 
matrix y;, etc.) are introduced. In doing this, we do not want to attach any 
special value to the relativistic pseudoscalar meson field theory; we simply 
use it as a means to obtain a plausible form for the annihilation Hamiltonian 
in the «outer region». According to the semi-phenomenological approach 
described in the Introduction, the properties of this Hamiltonian in the rela- 
tivistic region will be simulated by appropriate source functions (?°). 

When manipulating operators which deal with antinucleons, a certain care 
must be exercised since, as is well known, the invariance under charge 
conjugation produces new selection rules (?1??). In the following, we shall 
follow the elegant formulation of NAKAI (?*), who introduces, in a field-theore- 
tical manner, a new quantum number equivalent to the one of LEE and 
DANCE (22): 

We first write the complete Hamiltonian of the system in the following way 


(2.1) H=H,+H,+ H,, . 


where H, is the free meson field Hamiltonian: 
(2.2) Hee (27)-*fmnet(h)e,(h) dk, 


expressed in terms of meson creation and annihilation operators which obey 
the usual commutation relations and are introduced through the Fourier ex- 
pansion of the meson field: 


wal we eae | palk) exp [ikx]dk = 


= Em | (Bers) eh exp [tkx] + ¢%(k) exp [— ikx]) dk; 


(2°) The reader who is not interested in relativistic field theory can skip most of 
this Section; he simply will have to admit Eqs. (2.15) and (2.24) as a phenomenological 
basis for the calculations of the remaining Sections. 

(2!) L. MICHEL: Nuovo Cimento, 10, 319 (1953); D. Amati and B. VITALE: Nuovo 
Cimento, 2, 719 (1955); H. A. BeTHE and J. HAMILTON: Nuovo Cimento, 4, 1 (1956). 

(22) T. D. Ler and C. N. YANG: Nuovo Cimento, 3, 749 (1956). 

(23) S. NAKAI: Progr. Theor. Phys., 17, 139 (1957). 
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x is the charge index (x = 1, 2,3) and «y — (k2+ yw), H, is the sum of the 
free Dirac Hamiltonians of the nucleon and antinucleon. H,.. is written as 
follows: 


a 


(2.4) Ayu. = = fax, dx, dx[y,(x,)I5 (x1 — x, x,— X) Tx Y; (2) sa 
À + pie) Lai — x, x — x) px) ] D, (x) , 


where the isotopic indices à and j take the values 1 (proton or antiproton) 
and 2 (neutron or antineutron). The nucleon-antinucleon field y: is given by: 


(2.5) WA) = Cm) ai(p}u,(p) exp lipx] + b;(p)v,(p) exp [— ipx]) dp, 

where a,, and bj, are the familiar anticommuting operators which respectively 
annihilate a nucleon or create an antinucleon of spin s and isotopic spin 4; 
us(p) is a free Dirac spinor of positive energy and momentum P, U\p) is a 
spinor of negative energy and momentum —p. The charge conjugate field 


e 


y; is similar equal to: 
(2.6) ia) eny| (b,;(p)us(p) exp [ipx] + ai (p)v(p)exp[- ipx]) dp, 


where u° = O(0)? = — (60), v°= C(a)"=— (#0), and similarly : u°= — (v)"0 = 
= (Cv)*, 0° = — (u)"C = (Cu)’, C being the usual conjugation matrix (C7 = — C; 
T means « transposed »). Since 7° = 7*”, it can be seen that the Hamilto- 
nian (2.4) is invariant under charge conjugation if, at the same tine, gi > 91, 
Pa > — Pos Pa > Ps: I(x, x’) is the pseudoscalar vertex operator which, in 
perturbation theory, would reduce to Gy; 6(x) 6(x'), where @ would then be 
the unrenormalized pseudoscalar coupling constant (@) = f)(2M/u), fo = un- 
renormalized Chew-Low coupling constant). 

Since we wish only to include diagrams like Fig. 1, where no more that 
one pair is present at a certain time, we write the state vector of the system: 


(227) y — Yo) L Vier 


where © corresponds to states where no nucleon or antinucleon are present: 


eg woo > (20) ATE 0; Aides Ent) Do(kx01; ce kt) ky ...dky . 


n=0 


In this last equation, ®, is a free state of n non-interacting mesons of momenta 


and charge indices ky, a... kn, a: 


(2.9) D(k,%, see kn%n) TE NI (ki) ce (En) Po ’ 
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where Ÿ, is the true vacuum for both meson and nucleon-antinucleon. Si- 
milarly, /® includes states where a pair is present, written in the center of 
mass system: 


(2.10) VA DS Gap, 81 413 Pas S25 la; ko: Enkn) d(P1 Patt K). 
n=0 À 
asi, (p1)bs:, (pe) Po hic what, Op, dps dk. dies 


where K=k,+k,+...+k,. After elimination of the annihilation process, 
the only state vector which will be considered in the rest of the paper will be 
We) which, with the neglect of nucleon or antinucleon recoil, will be written 
alternatively : 


211) We = (27) | D(x, ; 23; Sas Sato): 
\ ° . E (N) 
exp [— 1p,x, — iprx>]as;,(P.)bti,(P2) Vo dx, dx, dp, dp; , 
where Y” is the vacuum state vector for nucleons and antinucleons alone 
and ® a new state vector corresponding to a nucleon-antinucleon pair located 


respectively at x, and x, which can also be written as a matrix in the s and è 
indices and expanded as follows: 


6%, (ka) tee Os (k,) Di(x: ; x) dk, dE, ; 


n 


where @,(x,, x.) is now simply the nucleon-antinucleon wave-function multiplied 
by the meson vacuum state vector. D(x,, x.) is normalized in the same way as Do: 


(2.13) DE (o) Da) DE (xi, xa) Do(x1, Xz) ; 


which means that the coefficients A, are normalized as follows: 
(2.14) DI | (Ante, Astier) Ade 
n=0 


for all values of x, and x,. 
In the non-relativistic limit D(x) obeys the following Schrédinger equation 


(2.15) > Lae oo Ae He) Dax, Xe) UD Xe) 


where 7°, are the kinetic energies of the nucleon and antinucleon and H, is 
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the usual Hamiltonian of the non-relativistic meson theory: 
(2.16) H,(x,, x) == > | (x — x,)t Vo, (x) dx . 


It is to the obtention of a suitable form for H,, that the remainder of this 
Section is devoted. 

We first write the equation which is obeyed by the amplitude 4, in the 
state vector P@ of Eq. (2.10): 


(2.17) (E — H,— E,) A,(p, 8,,4,; —p—K,.8,,1,; ka, … ka) = 


nn 


aa Dy (ka, 200 k,%n)b i (—P a K)a/(p) HE CREER) = UE Ue ) 


where £, and Æ, are the corresponding eigenvalues of H, and H pi On the 
right hand side of (2.17), we need only to consider the first term, since the 
second is precisely the one which gives rise, in the non-relativistic limit, to 
H, in Eq. (2.15). Using Eq. (2.4) one finds easily for the first term 


(2.18) UO — il, Di (ka, … ko) F,, (py p+K) 18%, (K)P , 


where Z4F,,(p, q) is simply the matrix element of the operator 7}: 


CAO pig) [as Pola, x')exp[ipx + igqx']|v.,(— q) dx dx’, 


between a positive and a negative energy spinor which, in the non-relativistic 
limit and for perturbation theory would be equal to G,. 

In order to eliminate Ÿ, it is sufficient to write now the equation which 
is satisfied by the amplitude B, introduced in Eq. (2.8): 


(2.20) (Le E;)B,(0, 0; ko, ira Di (ka tee kon) Hin P® = 


=— 1) OF (kya .… kt) | Bas" PHAK')risix0g (K')- 


Dre dr, st peo Ki’, 8,, 1,3 ko kyo) Oa biog sa be. 

m=0 
It is to be noted that no approximation is made on the right hand side of 
Eq. (2.20) (first line), since Y¥ can only be coupled, through H,,,, to Y® and 
to no other state vector. The effective Hamiltonian H,, can now be written 
by eliminating the amplitudes 6, between Eqs. (2.18) and (2.10). Before 
writing it explicitly, however, it is convenient to make at this stage, the fol- 
lowing approximation: the meson field operators p,(K) and ç,(K') which appear 


QD 
aA 
I 


Lan 
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in these equations create or annihilate mesons of definite momentum, if 
Be oa he oe: k, are fixed; we will neglect, in the following, this correlation 
and consider K and K' as independent from momenta k,... k, or ky... k,. 
If we concentrate our attention on states where many mesons are present, 
this approximation is obviously not serious. It is then seen that H,, is an 
integral operator, the matrix elements of which can be written as follows in 
configuration space (in the system where the center of mass is at rest and lo- 
cated at the origin) 


Papiî 


CON CONTEA ti Gia tp | Pauley, par 


where the matrix element /’, , (x, y) is simply the Fourier transform of /’, .(p, q) 
defined by (2.19). It is seen that H,, is essentially a non-local separable inter- 
action, which can take complex values, since the denominator £ — H, can 
vanish when applied to states containing at least one meson (?*). It is also 
possible to verify that the interaction (2.21) acts only on the isotopic spin 
triplet states. 

In the frame work of our semi-phenomenological approach to the present 
problem, the features of the annihilation Hamiltonian which are really useful 
for our purpose are the following: 


a) the bilinearity in the meson field operator, 
b) the isotopic spin dependence, 
c) the presence of the factor (E — H, + de), 


d) the positive sign in front of the constant /? (as will be seen, this 
positive sign is essential in order to guarantee that H,, corresponds to an 
absorption of the antinucleons). 


As to the source « matrix » F, we consider it, to a large extent, as arbitrary, 
since we do not want to take its connection to the matrix elements of the 
relativistic operator /; very seriously. The only information we have is that 
F(x,y) has presumably, with respect to both variables x and y, a range of the 


(24) Actually, the energy denominator should only vanish for states containing at 
least two mesons (this is equivalent to saying that a nucleon-antinucleon pair cannot 
annihilate really into less than two mesons, if the total momentum is to be conserved). 
The term corresponding to the one meson annihilation enters Eq. (2.21) only because 
we have neglected the correlation between X and the sum of the other momenta. 
In practice, the source function cuts off the contribution of the terms involving less 
than three mesons, as will be seen in Sect. 5. 
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order of the nucleon Compton wave-length and that the coupling constant dR 
is probably relatively small, because of the so-called pair damping process, 
about which little is known with certainty. 

Since an intermediate coupling treatment of a non-local interaction like 
(2.21) gives rise to many difficulties (25) we replace it by a local Hamiltonian 
having the same features a) to d) mentioned above: 


were we suppose, for simplicity, that the source function G,, is a spherically 
symmetrical scalar function which can eventually be taken equal to the fune- 
tion G, of Eq. (2.16). 

The disadvantage of this local form for H,, is that it introduces an ima- 
ginary self-energy which can, however, easily by substracted at the same time 
as the real one. H,, can also be written as a matrix in isotopic spin space, by 
means of the isotopic spin vector T of the nucleon antinucleon system: 


al 
tit ne ie Se Ÿ fe. 5 A Ù d 14 
en u(¥'— x:)ps(y") dy 
Since we suppose essentially in the following that [;<fi, we can neglect 
the real part of H,, (when the principal part of (E — H,)-1 gives rise to no 
special effect at large distances) compared to H, and keep only the imaginary 
part: 


(2.24) Hy ~ — ial (6.3 — TT x) > Guy — x;) p,(y)dy S(E— A,)- 


: | Guly'’— x) pay’) dy’ 


This Hamiltonian can further be decomposed into several invariants in isotopic 


Spin space, which it is interesting to consider separately. Denoting by Us 
the integral on the right hand side of the summation sign, in Eq. (2.24), it is 


(25) These difficulties come principally from the interference terms between s- and 
p-state mesons, which were mentioned in the Introduction. If H;; were the only inter- 
action Hamiltonian, a separable non-local interaction like (2.21) would be relatively 
convenient to solve for the state vector. 
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seen that H,, can be written: 


1 Oe > [(P,Tg+ T3TUapt Ut TU, — U;,)1} 2 


a<p 


— 
bo 
bo 
OL 


where the indices «, B, y are used in a cyclic manner. This expression is very 
similar to the decomposition which is made in the one nucleon case where the 
s-state pion-nucleon interaction can be decomposed into a g and a Tt (9 x7) 
terms. 

In particular, the last term on the right hand side of (2.25) can be very 
closely related to a T-(@ x) «spin-orbit » coupling term. In the one nucleon 
problem it has been found necessary (?5), in order to account for the experi- 
mental data on x-p scattering near zero energy, to treat the coupling constants 
multiplying the two possible invariants as two independent parameters. In 
the present case too, it might turn out, when more is known about the charge 
distribution of the pions produced in the nucleon-antinucleon annihilation, 
that the three invariants on the right hand side of (2.25) will have to be treated 
as three independent interaction terms; it might also happen that only one 
of them is effective in the annihilation process (27). 


3. — Intermediate coupling treatment of the real part of the hamiltonian. 


In this Section, we apply the method of Tomonaga to the case where the 
Hamiltonian of the system contains only H, (and not H,,): this application will 
be done in the case of the nucleon-nucleon (N-N) problem. The modifications 
which have to be made for the N-N problem (real part of the interaction) will 
be indicated at the end of this Section. Fort this last problem, however, the 
imaginary part of the Hamiltonian plays an important role which will be 
examined in Sect. 4. 


31. General formalism. — The interaction H, can be expressed in terms of 
the operators ¢,(k) and c*(k), with the help of Eq. (2.3), as follows: 


(Quy | Hi LS CONTENUS k)c,(k exp [ikx,] — 


— i(e”-k)cX(k) exp [— ikx;]) dk, 


where R(k) = G,(k)(2m,) +. G,(k) being the Fourier transform of the source 
function G(x), normalized by G,(0)=1. The p-wave part of H, around each 
(2) S. DRELL and W. ZACHARIASEN: Phys. Rev., 104, 236 (1956). 

) 


or simplicity, we shall consider, in the discussion of Sects. 4 and 5, only the 
first term of (2.25). 
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nucleon can then be separated by introducing operators independent of k 
but depending on the co-erdinates x, and x, (for simplicity, we shall write 
them in the system where the center of mass is at the origin: CITA) 
Actually it is necessary to introduce two commuting sets of such operatros, 
respectively symmetrical and antisymmetrical with respect to the exchange 
of x, and x): 


buia VE) [pia r) Oi (k, Sia COS sE c,(k) dk, 


i kr 


Pr) VE (2m Jo (&, r)Q;;(k, r) > sin — ¢,(k)dk, 


\ 2 
and similar detinitions for bi* and b=*. The functions y*(k, r) (the index 1 
is introduced only for the purpose of distinguishing these p-state functions 
from the s-state ones, which will be considered in next Section) are explicitly 
supposed to depend only on |k|=% and r; they will be determined from 
a variational principle. For the time being, we consider them as real functions 
but they will have to take complex values when H becomes non-hermitian. 
The operators Oe (which depend only on r and |k| = k) come from a special 
complication of the p-state Hamiltonian: they are introduced to insure that 
the operators bj, and b= commute if i+j. Their essential property is the 
following: 


dix 


(3.3) = 0 où] le (1 + cos kr) dQ, = Ja + cos kr) dQ,, 


ke Ax 


where | dQ, denotes an integration over the angles of k only. @;, is propor- 
tional to ò,; in three special cases: 


— when 7 — 0 or r + 00; 


— when r is taken along one of the axes of co-ordinates. 


Since it would be quite unelegant to specialize the system of co-ordinates 
in configuration space (especially with the presence of a tensor force), we prefer 
to keep the general form of Eq. (3.2). We will practically never need an 
explicit formula for the Q;,. A relatively simple special one can be written: 


(3.4) i ELI datati) SE, 


| 

= 
Ca 
> 


where f(z) = (sin 2)/e, g(2) = (3/2*)(sine — 2 cos z) and w_, (2) are suitable roots of 
the equation: 


A) (thee pad. 
LEE 9 


ui +244 = + 
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With the help of Eq. (3.3) and of the usual commutation relations obeyed 
by cŸ(k) and c,(k), we obtain the following relations: 


(3.5) [da bal = Ô pô [bb gal = 0. 


ai pi 


with all the other commutators vanishing. The functions y; are supposed 
to be normalized as follows: 


(3.6) ere fotti + cos kr)dk =1 
for all values of r. 

The reader who is familiar with the intermediate coupling treatment of 
the one-body problem will probably realize how much more complicated it 
becomes in the case of two bodies. However, this complication is fortunately 
purely formal. A close inspection of the present formalism will easily con- 
vince the reader that it really is the most straight forward extension, to the 
case of finite r, of the usual treatment of the one-nucleon problem (?8). (When 
r — co, the system reduces to two separate nucleons interacting with their 
respective meson clouds; then g; and y, go over to the same function p,(k, co), 
which is the usual one-body trial function). In a first step, we would advise 
the reader to solve for himself, as an exercise, the same problem in the neutral 
scalar theory, where everything is much simpler. The Tomonaga trial function 
coincides then with the exact one (an outline of the solution of this exercise 
is given in the Appendix). 

The general trial function for the state vector @(*«) can now be written 
with the help of the operators of Eq. (3.2). It will eventually be necessary 
to express it in terms of eigenfunctions of the total angular momentum and 
the total isotopic spin. For the time being, we need only to know its mosti 
general form: 

Sr il 
(3.7) DT) es > > Oi Fs OG Uppal ree eee ent) Om yeu (ue) 

ee, [p! (np)! 
where it must be remembered that ®,(r) is the product of the two-body wave 
function by the meson vacuum state vector. The coefficients C,, are nor- 
malized according to Eq. (2.13): 


(3.8) D> | Csr CA El 


n=0 p= 0 


for all values of r. 


(28) There are several presentations of the intermediate coupling theory of the 
one-body problem, all equivalent of course. We follow here the elegant presentation 
of R. RippELL and H. Frrep: Phys. Rev., 94, 1736 (1954). 
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The coefficient C,,,, as well as the trial functions gy, themselves, will be 
determined by a variational principle which should, at the same time, define 
the energy. For this purpose, we consider first the two nucleons as fixed in 
space at the points x, and x,, and treat therefore r as a fixed parameter. 
We separate, in the Hamiltonian of the system, the part which corresponds 
only to the meson field: 


(3.9) H(r) = H,+ H,(r) 
and solve the Schrédinger equation: 
(3.10) H(r)Dr)= €(r) P(r), 


where €(r) is the total energy of the two fixed nucleons. €(00) is, as we have 
said above and will verify later, twice the self-energy 6M of each nucleon 
interacting separately with its own meson cloud. We therefore define the 
potential energy as: 


(3.11) Vir) = €(r) — Eco). 


This separation of the self-energy corresponds to the mass renormalization; 
the charge renormalization will have to be performed later on V(r). Making use 
of Eqs. (3.10), (3.11) and of the normalization condition (2.13), it is easily seen 
that the Schrédinger equation for the complete Hamiltonian (2.15) reduces to: 


(3.12) (> Tk V(r)) ®(r) = (E —2M) D.(r) ’ 


which is simply the non-relativistic Schrôdinger equation with a potential V(r) 
obeyed by the two-body wave function. 

In order to solve Eq. (3.10) with the general trial function (3.7), the fune- 
tions y; (k,r) being subject to the conditions (3.6), we write the following 
variational principle: 


US) | @*(r) fH — €(r)| P(r) — a i? cos? SUR) — 


where vy, and »_ are two Lagrange multiplers to be determined later. This 
variation will be done in several steps: in the first one, an equivalent Hamil- 


tonian H’, depending only on the b= and b** will be determined from the 


relation: 


(3.14) D*(r)H D(r) = D*(r)H' P(r) . 
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The variation of (3.13) with respect to the coefficients ©,, will then simply 
lead to the simplified Schrédinger equation of the intermediate coupling theory: 


(3.15) H (r) P(r) = €(r) Dir) . 


We shall then determine the form of the functions gy; by varying (3.13) with 
respect to an infinitesimal change of these functions. 


32. Determination of H’. — Using Eqs. (3.2), we can write the following 
commutation relations 


Ns; kr 
[tto [0,(k), bi#] = — iV 69% (k, r) ¢ 7 085) 
(3.16) 
kr 


[ex(k), ba] = — iV69; (k, SI sin = , 


and similar ones for c*(k). Using relations (3.5) and the general expression 
(3.7), we can then write 


(3.17) ¢,(k) O(r) =— ve let (k, r) Qik; cos = pi, + 


+ 970%, Qu sin ba O(n), 
and, similarly 
(3.18) D*(r) i(k) =—— @*(r) lei Ch r) Qj, k; cos ns bi + 
+oi(k, r)Q;;k; sin is bai | 7 
The equations allow us then to write H° as follows 


(3.19) Hi =H" CH, 
with 


Asie ae e TAB SECHE EE 


Hi wr) be Liv SEDI), E 


where the following notations have been used 


(3.21) VE) (2m) lou Ge r)(1 + cos kr)dk ; 
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T and S are the total spin and isotopic spins defined as follows 


( (2) (1) (2) 
te a Le n Où 0; 
TE È 
2 


whereas the «relative » spins and isotopic spins are defined as 


(2) 1 2) 
i On — 6; 
Dai VI RT 


di di 


70 
Ta = — 


Finally the f;; are equal to 


1h 
V3 pl 


(3.22) fi = (Cr) [vet r)k(1 + cos kr) R(k) Qi dk , 


the Q being the inverse matrices of the Q* 


(3.23) 0*Q* = 6... 


tj Vik 


Since the b*, commute with the d,,, ete., it can be seen that the simplified 
equation (3.15) splits into two separate equations 


(3.24) Ha DEE De, 


with E = €, + €_, the state vector ® being written as a product involving 
separately the bi; and b,,*. Consequently, Eqs. (3.24) are not really much 
more difficult to solve than those corresponding to the one body problem (?°). 
They involve separately as in the latter case, the wave equation of nine 
coupled harmonic oscillators, which can be simplified (5) by making use of 
invariance requirements. The only difference is in the spin and isotopic spin 
dependence. The complication introduced by the f;; matrices is only ap- 
parent, since a special system of co-ordinates can always be chosen to make 
them diagonal. 

Nevertheless, the solution of Eqs. (3.24) can only be obtained by means 
of a fairly involved electronic computing program, which did not seem to 
us really necessary at this early exploratory stage of our work. An approx- 


(2°) The problem of nuclear forces, when reduced to the solution of Eqs. (3.24) 
becomes analogous to the treatment of the interaction of one nucleon with its own 
meson cloud. Similarly, the calculation of the production of mesons in nucleon-nucleon 
collisions would become, in the present formalism, analogous to the intermediate coupling 


treatment of meson-nucleon scattering. 


7 
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imation to the energy €(r) will be obtained by an indirect method in § 4 of 
the present Section. 


3°3. Form of the gp; functions. - We now calculate the variation of Eq. (8.13) 
when an infinitesimal change 


pi > er + dp 
is made on the meson trial functions. For the g, function, for example, the 


following relation is easily verified with the help of Eq. (3.7) 


(3.25) gl) — Doo [apra r)Qi Les AF ai P(r). 


k 


Dr) [pi (k,r)Q}; cos = bito, dk. 


Eq. (3.13) then leads to the relation 


LO cos — + lives? PELLE 6 )o— 


— D*(H — €)ck(k)b};D] — 4v,pi cos 5] = 0 


Making now use of the commutation relation 


Sa dif : 
(3.28) [e,(k), H] = w.¢,(k) — Ù i(k) {cos La (LL Seo) 


ns ler 
isn Taie La ok.) 


IS 
— 


and a similar one for c*(k), we obtain, with the help of Eqs. (3.17), (3.18) 


(3.29) Oki Di = ee a.) be DEI va 


Pasi lo, k R(k) Qi; O*(T 8, + T 165) (DXi + bi) D. 
uv6 


(Notice that several of the integrals over angles vanish when going from (3.27) 
to (3.29).) It can now be verified that the left hand side of Eq. (3.29) is not 
changed if H is replaced by H°. 

Using then the commutation relation 


(3.30) [bi H]=@,bt,+V2f{(T,8,+ 1,0) 
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and a similar one for b**, we can simplify the left hand side of Eq. (3.29) by 
taking into account the fact that @(r) is a solution of (2.15): 


(3.31)  @i(k,r)}{Ni(ox1— w4) — V2/5Mi}—-v3 = i PERI (k) Qi, M}, 
where we have set 

(3.32) NPD AD De 

and 

(3.33) Mi = ED T,S,+7T,o,)(b; +bi*)®. 


Multiplying both sides of (3.31) by w+(1-+-cos kr) and integrating over k gives 
v= 0. We obtain therefore finally 


1/2 RU al R(k) 
DO +(X etre 
OUT) a} 3 2 N, Gee ot (r r)?’ 


where we have set 


(3.35) Ax(r) =—œu(r) — V2ff €. 


By the same method, we would have obtained for y, (k, r) a similar expression 
as Eq. (3.34) (by exchanging the + and — indices) with the definition 


= Dr 94 1.4) bas bar ®. 


(3.36) Me 


The coefficient Qj Mj/N . of 9; is completely determined by the normalization 
condition (3.6), so that the functions A,(r) are the only ones for the deter- 
mination of which a solution of Eq. (3. 15) i is necessary. It is these functions 
which we will now try to estimate by an indirect method. 


3°4. The « potential equation ». — Since we do not know the value of €(r) 
which would be obtained through the variational principle (3.13), we look 
for an approximation by connecting, through the Schrédinger equation obeyed 
by @(r), the amplitudes for zero and one meson. The expansion (3.7) can be 
re-expressed by writing explicitly the first two terms: 


G.37) 7) = {6,4 Of(r; 4, 7)(2,8,4 1,003," + 
+ Or; ES, + T,0,)b;,* + ete.) ®, , 
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so that, by multiplying Eq. (2.15) (without H,,) on the left by P(r), we get 
the «exact» relation 


(3.38) ©*(H—2M + 23M—T,)0,®, = O* [V(r) + 28M], = O*E(r)@, = 


= OPH, [CUT Si + 1064 + Cr INES. + Tobago; 


dal cati 


where H, is only the «absorbing » part of H,: If we were going to proceed 
with this equation (calculating the C;(ij) coefficients through Eq. (3.15)) we 
would be facing again a special complication due to the Q;; operators. Since 
we only want an estimate of the À, functions, it is sufficient for our purpose 
to calculate an average of €(r) over angles, i.e. the central part of the energy €,: 
Then both the Qj and C7(ij) are proportional to ò,,, and Eq. (3.38) gives 
simply 


sé iP 5 5 ([3 + 3(71-T2)(01:0»)] Lera ra 
(3.39) €@) == reat (k)k LE) (a (1 + cos k-r) + 
3 — (T1 T2)(0ù 03 a) 


(1 — cos k-r)l ; 
ox + A_(r) J 
In this equation, the ratios f,07/C, multiplied by the normalization coefficients 
of y, have been related to the renormalized coupling constant f? by com- 
parison with the known expression of €, obtained from perturbation theory 
to the second order in f. In other words Eq. (3.39) is essentially an improved 
Tamm-Dancoff approximation, in the sense that the replacement of R(k)/mx 
by 9, (k) = R(k)ox+ A.J], the general form of which has been determined 
by a variation principle, means that higher order effects are, to a certain 
extent included. Naturally, in the spirit of the intermediate coupling theory, 
Eq. (3.39) should not give as good an approximation as the value directly 
determined from the variation (3.13). 

The A, and A_ functions are proportional to f? (plus, of course, terms of 
higher order). We know, in addition, that they tend, when r + co, to the 
same constant A, which also appears in the g,(k, co) function entering in the 
one-body problem (1). We shall then write 


(3.40) A= A= AY (r), 


where A‘? tends to zero for r + co at least like exp[— ur]. These functions 
will be determined by comparison with €, obtained from perturbation theory 
to the fourth order in the renormalized coupling constant 


5 f2 2(1\I2 
(3.41) € = em){* WOES 
Hu Wx 


sli Cape oe kek! Ë 
© 


ui @ DR Or + Wy! 


)akaw +re+re, 
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where Vy? and V are respectively the second and fourth order central parts 
of the Gartenhaus potential. In the following, we shall adopt the value, 
f?/4a = 0.10, so that 2 is equal to the number already determined by FRIED- 
MAN, LEE and CHRISTIAN (18) 


(3.42) À = 3.39. 


It is interesting to note that this value is not very different from the one which 
can be determined by fitting the second term of the expansion of (3.39) (with 
r — co) with the fourth order self-energy (with a square cut-off at ©,,,,=6.0 Ly 
one gets in this way: A~ 4.07). This gives us a certain confidence in the 
determination of the A‘? by expansion, since an expansion of the self-energy 
is equivalent to an expansion of the potential at the origin. Keeping the value 
(3.42) we compare with VY? and Vj? the potential of respective ranges 1/u 
and 1/2u obtained by expanding (8°) (3.39) in powers of A®. We then have, 
for the terms of range 1/u 


(3.43) 


1 Eee à 
(27) } (ox +A)? | 


2(T1°T2)(01°03) 3 (= 1 
RE MERE Ne ex 
3(27)8 IL OK Ox ai 


È 4 : (T1 To)(01 03) 


A? + 3 + : (T1: T>)(01 * C2) 


4°! È 


exp [ikr|dk. 


and, for the terms of range 1/(2u) 


2% fo (R2(k)k? exp [ikr] | 1 ns 
ii = 3 + 1° T2)\01 O2)| LL 
OAV, al (0 PA | 3 (ET) 


| Pf Re(k) dk ke 
J a) (@e + 4) 

1 
se 


AY 


Da È DE : (T1: T2)(01 * G2) 
f Lao) (T1 ° To)(01 * C2) 


ADI È 


ast 


These equations allow, in principle, the determination of A°(r). It turns out, 
actually, that the quadratic terms on the right hand side of (3.44) contribute 
very little, due to the smallness of the coefficient in front of them, so that 
they can be neglected in first approximation (except at very short distances). 

An interesting question is whether A, can take, in certain states, negative 
values, which would lead, in Eq. (3.39), to the appearance, for 7 smaller than 


(3°) It should be noted that this expansion is not made in powers of f?, because 
we do not know the way in which 4 depends on the coupling constant. We simply 
make use of the fact that a renormalized potential of order f?” necessarily decreases at 
large distances like exp [— npr}. 


8 - Il Nuovo Cimento. 


1041 


114 M. LEVY 


a critical value r,, of an oscillating potential rather than a repulsive core. To 
determine this, we have evaluated A, at the extreme value r = 0 for the dif- 
ferent states of the N-N system (Table IT), using the same square cut-off at 


DCE LAN TE 


TABLE II. — Values of A:(0) for the N-N system (in units of y). 


| 
| 


Even Triplet Odd Singlet 


States | ana Singlet | Odd Triplet (*) 
= so, 3 

AO) | 1 | eG 07 

A4-(0) | 1.5 | 8.5 — 


(*) In the case of the odd singlet states, the two Eqs. (III. 
43,44) give two independent values of AN) (since the coefficient 
of A vanishes) which turn out to be relatively close (— 2.7 and 
— 3.6); we have taken the first one, which is more reliable. 


It hardly needs to be emphasized that the values given in Table II must 
only be considered as rough orders of magnitude, since they are calculated 
at the origin, where everything depends very much on the form chosen for 
the source function. There is an indication that À, becomes negative at short 
distances, but this occurs clearly practically at the core radius r, = 0.4-10-18 em 
so that the consequences on the properties of the two body at low or inter- 
mediate energies are not really significant. It is only if one were to take se- 
riously the fixed source semi-phenomenological potential at high energies that 
the replacement of a repulsive core by a rapidly oscillating potential would 
affect the theoretical predictions in a way which it is not easy to determine 
off-hand. In this case, however, the functions À, would have to be evaluated 
much more carefully. i 


35. Case of the N-N system. — We indicate briefly here the main character- 
istic of the real part of the interaction in the case of the nucleon-antinucleon 
system. The treatment in the intermediate coupling theory goes, of course, 
very much in the same way as for the N-N system. However, the result for 
the interaction is different. If one uses the approximate method of the pre- 
ceding paragraph to determine the central part €, of the energy, one gets the 
following result 


I TETI 
Ort Ay 
L [+ S(t °T:)(G1° G2)](1 — cos kr)| 
(ASA + i 


E ASSE 


J! 
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The functions A, take the form 


(3.46) MENA 
where the constant / is, of course, the same as before, but where the A® (which 
tend to zero at infinity as exp [— 4r]) are related to those of the N-N system 
by the relations 


AD SEA AY 4 
(3.47) 


ASTA, 


The change of sign of these functions (together with their exchange) cor- 
responds essentially to the fact that the series (1,3) becomes alternating in 
the case of the N-N system. However, the sign of the complete functions A, 
of Eq. (3.46) does not change until r becomes fairly close to the core radius n 
since the energies AR must first grow in absolute value until they reach 
4 = 3.39 u= 470 MeV before a pole appears in the denominators of Eq. (3.45) 
and the potential becomes rapidly oscillating. Table ITI gives, as in the last 


Section, rough estimates of A, at r=0. 


TABLE III. — Values of A:(0) for the N-N system (in units of n). 


ren Triplet | 
Re ri 


tages and Singlet | 
A 5.3 I | = | 
Ae «| SI 9.5 | 


4. — Treatment of the non-hermitian part of the hamiltonian. 


We now turn to the intermediate coupling treatment of the second part 
H,, of the interaction Hamiltonian. Since it will clearly involve the annihil- 
ation and creation of s-waves mesons, it would be natural to introduce, in a 
way analogous to what was done in the last Section, s-state operators 
dic Jos, r)(1+ cos kr)'c,(k)dk. However, one sees immediately that a}, 
defined in this way, does not commute with b;*, and similarly a, with basta 
Physically, this corresponds to the fact mentionned in the Introduction, that 
a meson emitted in a p-state by one nucleon can be absorbed in an s-state 
by the other and inversely. To avoid this difficulty we have to define slightly 
different « s-state » operators, which actually contain a p-state part 


ae krgge e ere kr 
(4.1) aÿ(r) = gi Je r) X+(kr)c,(k) |cos Dis Q3@1D;7 sin vj dk, 
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where the quantities D, are defined as follows 


1/3 we Ex; 
(4.2) MD — n) Oph, sin" kr 7390) ; 
(the g function is defined in § 1 of last Section). Similarly, 
2 _k A k k 
(4.3) ax(r) = ATE Qo (k, r) X (kr)c,(k)|sin ee O02 Die cos “i dk. 
j (277)? 2 k 2 


The functions X* are simply introduced in order to normalize the functions > 


1 i 2 
(4.4) a (te cos Er) du El 


for all values of r. Their precise value is, in terms of the function f(z) =(sin z)/z, 


1 + f(kr) 
Li f—(Qi Di? 


(4.5) set 


One verifies easily the following commutation relations 
a 5a Seti ROS ae ety Ss è 
(4.6) [a op) dg | “= Ong ? La; F] bi, | TA 0 ? 


all the other commutators vanish. 


We suppose now that the state vector ® contains simultaneously the ope- 
rators a>* and b=*, so that Eqs. (3,17), (3.18) become 


ON) 


(4.7) (kD—= (var x COS dani sin als a — 


a 


i/6 n kr ‘he : 
=. Nee Pi Vi;k; cos + b;; + similar terms with ( | @(r). 
and another similar equation for ®@*c*(k). One verifies however that H7 (the 
Tomonaga equivalent Hamiltonian for H,) still does not involve the a> ope- 
rators so that the real part of the interaction remains unchanged (31). H7, in 
addition to the terms involving the d;;, will now contain also: 


(4.8) Hi (s-state) = @fat*a: + o.a7"a, , 
with 

ste 1 +9 
(4.9) dg = Ca) x (1 + cos kr)dk. 


(21) This is the reason why we chose to represent the ba as pure p-state operators 
and the a, as mixtures of s- and p-states. A different choice would produce interference 
terms in the real part of the interaction, and this would be quite unpleasant. 
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On the other hand, H7, will consist of three terms: two terms involving sepa- 
rately the b,, and the a>, plus an interference term consisting of products of 
a;b,, on one hand, and a-b* on the other. 

In this Section, we shall be mostly interested in getting an approximate 
expression of the state vector ®, and, particularly, of the s-state Po function. 
To be able to do so, we shall unavoidably be obliged to simplify, to a certain 
extent, the expression of Hf. The imaginary part of the potential, however, 
will be computed directly, in the next Section, by caleulating the matrix 
elements of the true Hamiltonian H,,, using the approximate state vector 
obtained here. 

The part of Hy, which is quadratic in the b+, will simply add a small imagi- 
nary correction to the p-state Hamiltonian considered in the last Section. 
Its influence will become important only for those values of 7 where the p-state 
meson momentum distributions p= contain a pole, since it will then remove 
the singularity, giving, so to speak, a width to the p-State excited level re- 
presented by the pole. However, we have seen that a Singularity appears 
in the g; functions only for values of » which are close to the core radius, 
so that it will have no influence in the asymptotic region in which we are 
mostly interested. In this region, actually, we will replace with a good 
approximation both g; and g; by their common limit, the one-body func- 
tion ~,(k, co). 

The interference terms between s- and p-states mesons create a difficult 
problem. When we discuss them in Sect. 5, it will be shown that they very 
probably introduce only short range forces. A situation might arise, however, 
in which these « short range » forces consist actually of fairly weakly decreasing 
exponentials, which might influence the outer part of W in a significant manner. 
It would consequently be necessary to take them into account in the cal- 
culation of both 9, and g,, which would then become hopelessly complicated. 
However, even if these interference terms affect the details of the annihilation 
force, we do not believe that they will change its qualitative aspects, so that 
we did not think it necessary to worry too much about them at the present 
stage of our work. 

The part of H7, which corresponds to a pure s-state interaction is obtained 
by substituting the first term of (4.7) (and a similar term for c*(k)) into the 
expression for H,, expressed in momentum space. The following relations 
have also to be used 


TI 1 
eH ae ee ee 


Ca() ¢,(k) 2 


1 1 a 
= FER) 
oA ae Hi ee 


| 
| 
(4.10) | 
c*(k) 
| 
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The part of the Hamiltonian involving the 6-function is replaced by an aver- 
age value to be evaluated later, so that #77 takes the approximate form 


(2-11) He eH ee HE 
with 


CONS a Zoe AAA Oe) 


and 
LEE | 
(4.13) HY = — 2i aay | CH, = H,—o,) ake 


In the expression (4.12) for H Tua) a special isotopic spin dependence has been 
chosen, namely the one which corresponds to the first term of Eq. (2.25). 
This is simply for the purpose of illustrating the form which is taken by On 
since, in this case, the Tomonaga equivalent equation can be solved exactly. 
As was explained at the end of Sect. 2, the choice of one of the three possible 
isotopic invariants is, to a large extent, arbitrary at the present stage of the 
experimental situation, where little is known about the charge distribution 
of the z-mesons produced (and the relative annihilation probabilities of p-p, 
n-p, etc.). 
In Eq. (4.12) the coefficients Y, and Z, are defined as follows 


Ver da Ie (1 + cos kr); (k, r) dy , 


(4.14) 


Li = sap | (1 + cos kr)[(d(E — H,—o,)> 4 


+ <6(E — H, — ox)>] po (k, k)dk. 


The Tomonaga equation for the pure s-states can be separated into two parts 
involving respectively the ®, and @_ state vectors. Each part can then be 
diagonalized by appropriate canonical transformations. We do it here in the 
case of ®,, the operations in the case of @_ being entirely similar. 

Putting Y,=|Y+| exp[in+] and Z,=|Z,|exp[il,]and Y,Z*+Y*Z =2)* 
(where y. is a real function of 7), we first make the transformation 


/ = Ww na +R + Pres se + , 
(4.15) Di = (exp [im ,at*a:] + exp[it,at*at])®!,, 
which leaves Hi unchanged and transforms H7* into 


(4.16) mo aha, doi 
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A second canonical transformation 


(4.17) D'= exp[(/2)(pi a} + ai pt)]@’, 


where 


(4.18) 
pa =—1t (a, /2)(azy — aï*), 
and 
A | a+ |2 
(4.19) tg 48 = Vai 
Mo 


brings then the complete Hamiltonian into the diagonal form 


[2 1 . +9 9 9 SIONI . 9 
(4.20) H’? =; exp [— 2if](pi° + 0 gi) — ilex), 


where Of = ©(14(167% /«))* and e, is the average value of H\?. This leads 
easily to the following expression for the ground state energy 


SOG 
y) 


(4.21) C= i exp [— 2i8]Q, 


The form of the y; function itself is determined by a variation principle similar 
to the one of Sect. 3°3, except that a certain care has to be taken in handling 
the non-hermitian part of the Hamiltonian. We write the variational principle 


(4.22) 56 (H—€)6 orme os elio 
(4.22) 6) @(H— ©)P+ D'*( ) Oe — a | Poo Aly 


where the complex conjugation sign in the second term means that, in the 
state vector itself, the role of y, and y* have to be exchanged, ç* appearing 
now in the definition of a, and q, in the definition of a*. One then obtains 
easily for of, for example, the following expression 


widen i R(k 
(4.23) e I AN, 


where N, = Ota**a,©, and € —=242y° (1 + V(16y;"/o,¢?)) }. The = sign in 
Eq. (4.23) means, of course, that g; has to be normalized according to (4.4). 
A similar expression can be obtained for q, : 


The form (4.23) of the y, functions is the main result of this Section. It 
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is seen that |g) |? has a resonant shape around wt, the resonance being fairly 
narrow, since the « width» £ is, as can be seen from (4.19) and (4.14), pro- 
portional to 2. This expression of the s-state mesons momentum distribution, 
which is extremely different from the p-state corresponding function, can be 
seen to be fairly independent of the special form of the annihilation interaction 
which we have used in this Section. It follows entirely from the fact that 
there is no s-state interaction apart from the imaginary one, and that the 
latter is quadratic in the meson creation and annihilation operators (**). 

The last result of interest in this Section is the form of the D+ state vector 
itself, or, rather, of the transformed vector @., defined by (4.15) 


(4.22) D! ~ Se > (5 3; *) ar" D,, 
n=0 al 
where 
o 2 
(4.23) U, — (820 [V cos : 4B + à sin 26]. 


COS 2p + Vcos 5 


In the limit of very small J?, U, is simply given by 


(4.24) ATE LL 


Og 


5. — Estimation of the imaginary potential. 


We are now in the position of discussing directly the average value of the 
actual annihilation Hamiltonian H,,, using the information we have obtained 
in the last two Sections on the s- and p-parts of the state vector for the nucleon- 
antinucleon system in the Tomonaga approximation. For the calculation of 
the average value <H,,) it is convenient to write H,, in a form where always 
the creation operators are on the right and the annihilation operators on 
the left 
61) Hy = HPO fra): 


(277) 


{(3@ — H,— cox) ¢a(k)¢,(k') + *(k)ck(k)ME— Hy + wp) ] cos (k +k’): 


LS 


+ ¢3(k)[3(# — Hy + o,— o,) + d(H — H,)]e,(k ') cos (k — k') De 


where Hi; is given by Eq. (4.13). 
We start first with the calculation of the p-state part of <H,,) 


I1/*° 


(2°) The situation is completely different for a complex linear interaction. In the 
case of the neutral scalar theory, for example, with an imaginary coupling constant, 
one would still obtain a real function gy. 


1048 


NUCLEON-ANTINUCLEON FORCES IN THE INTERMEDIATE COUPLING THEORY 121 


51. Contribution of p-state mesons to <H,). — Of all the terms contained 
in Eq. (5.1), the first namely Hî , is the only one which gives rise to a truly 
long range force, in the sense that it contains no exponentially decreasing 
factor (#3). However, since it becomes, as will be seen, oscillatory after a 
distance which may vary from 2 to 3-10-13 em, the other terms which involve 
factors like exp [— ur] or exp [— 2ur| will not be negligible. 

We give now the detail of the calculation of Hi; in order to show clearly 
the approximations involved. The estimation of the other terms of (5.1) goes 
exactly along the same line, and only the result will be given. The first ap- 
proximation which we make is to neglect the contribution of all non central 
forces, simply because the formalism is quite complicated when non-central 
forces are taken into account, as was seen in Sect. 3, and we are only interested 
now in getting a general idea of the type of imaginary force which might come 
out of an approach like ours. To be more definite, since we have shown in 
Sect. 2 that H,, acts only in isotopic spin triplet states, we will restrict our- 
Selves to the states of the nucleon-antinucleon system which are, at the same 
time, singlet states with respect to the usual spin. 

We need now an approximation in the outer region for the p-State part 
of the state vector. The study of Sect. 3 as well as the comparison with the 
case of the neutral scalar theory (see Appendix), indicate that the following 
expression is probably sufficiently accurate 


(5.2) DÉMO OLD 

where Q, and (_ correspond respectively to the bi, operators and are given by 
(5.3) Q. => = ae. de rase + T0;)bi#]" 

and 

(5.4) OZ SS cee PO?) Ox |", 


N being a normalization factor which can easily be found equal to 
(5.5) N= exp | — 532]. 
The parameter 2 can be estimated from the formula 


SA 


E ? 
© + 


w 


(5.6) 


(33) H® represents an interaction where the same s-meson is first created, then 
annihilated. Because of the commutation relations of the ca(k) operators, it would 
retain the form (4.13) even when the full isotopic dependence of (2.25) is taken into- 
account. 


1049 


12? M. LÉVY 


(where f, and ©,, given by Eqs. (3.21), (3.22) tend to the same values at 
large distances) whieh agrees with the expression of the potential energy cal- 
culated in Sect. 3. We need also the connection between the renormalized 


and unrenormalized constants 


= fo U, | 


where we have put 


(5.8) U, = 


il ene 


(22) } (ox +4)" 


The expression of y, which enters in f,, ©, and in the b> is taken to be the 
common asymptotic form 
, ÆR(k) 
5.9 , (k — Ue 
(5.9) pilk, 00) Prop 


One then finds for 2? the following expression (we express all energies in units 
of Le) 


: U, U, 
(0210) AMC Tae 
In the one-body problem, the true expansion parameter which should be com- 
pared with the f of FRIEDMAN, LEE and CHRISTIAN (15) would be 622 which, 
if we take 1— 3.39 and f?/4x= 0.10 is found to be exactly equal to 3, which 
serves as another check for the approximation. 

We now find for the average value of <H‘?> due to p-states mesons 


a2n+2m n 
2 


~ . 9! P 9 1 
(HP Da dial? exp [— 622] di È 3 (T1 T2)(O1 * G2) 
a il 

(Qar2)ntmt1 


1 
der 3 (T° T2)(01 * 02) 


[tune ans Chine oe ot 


Pl) pi(ki) «+» Pilkim) [1 + g(kir)] ... [1 + g(k)r]- 
‘(1 — g(kir)] ... 1 — g(knr)] 8(E — © — Yo, > ok;). 


In order to evaluate this complicated integral, we will make the following 
approximation 


ie 


N N 
(5.12) He On 20 (EZ — No), 
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which is based on the fairly reasonable assumption that, due to the source 
functions R(k) and the form of the y, functions themselves, the main con- 
tribution to the integral comes from values of k, ... k, which are relatively 
close to each other. 

With this approximation, Eq. (5.11) becomes 


22n+2m i! n 
5.13 HS = SY — VinT2C?2 ex 622 : 
AS) CH sà inI?O? exp [— 622] Vn ni 5 3 (HET) (07 On) 
13 À 1 (1, °T)(6,° 6) je 2 i(k)k? dk g(kr) Ô(E — (1 i 
) HR EEE 1) 2m, pie g (E — (n+m+1)x), 


where we have already subtracted the constant «self-energy » part which was 
mentioned in Sect. 2. The constant C? is equal to 


alt 
02 = sull 2 (k)dk. 


If we write n+m= N, the summation over n keeping N fixed, can be 
5) te] 7) 
done immediatly. If we use for the source function a square cut-off (34) at 
nx) the summation over N is extended between two values 


E 
NO = ci Il 
O max 
(5.14) and 
E 
NES ran Il . 


U 


For ©, —=6 y, and a kinetic energy of antinucleons equal to 150 MeV i 
the laboratory system, we have N,, —2, N_2= 13, C2=0.417 and U,=0. an 


min max 


We write, in the following 


E 
Ov = iy 2c al and ee = Oy i 2 


im 
N 
ni 
Qt 


Expressing also g(y) in terms of the usual spherical Bessel function of 
order one 


DI 3 jt 
(5.16) ue ve) (y) 


(4) Note that the oscillatory potential is not produced by «surface » effects on 
the edge of the square source function. 
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we obtain finally (with 62? = 3), for the singlet spin and triplet isotopic spin 
States 


EC 2exp CAE 1 (62°) — kxji(kyr) 
ur U, réa +1)? (N—1)! (@y +4)?’ 


which can easily be evaluated numerically. In practice, the summation does 
not need to be extended beyond N = 10, the error made being inferior to 1%. 
A similar method can now be applied to the calculation of the average 
values of the remaining terms in Eq. (6.1). First, it is convenient to express 
these terms a little differently, making use of the relations (3.17), (3.18) obeyed 
by the p-state part of the state vector. For example, the mean value of the 
second term of (5.1) can be written, after averaging over space angles 


DATE 
(5.18) Ni Di [Ror (k') dk dk’ cos (k 4 k')Z 3(B Hy, — o;)¢,(k)¢,(k') = 


N (2x) 


a : 
Ail’ | fi ki )k8 dkk'* AK p(k) i(k’ )g(kr)g(k'r) (E — Hy ox): 


Using the relations 


(5.19) BED = [3 + 4(t1, 72) (01,02) ]O* 


and defining 


a aa 
(5.20) EP) aoa [REMI dk , 
5 0 
we obtain for this second term 
fil ?r2 il ni 
4 3 FA (1 t)(04-2) | R(k)k8g (kr), (k) DCE — Hy — 0%) dk ) | 
/ 


0 


which can then be evaluated exactly by the same method as the one used above 
for Hi. It is seen that the average value will be proportional to F(r) and 
therefore have an exponentially decreasing character. After calculating in a 
similar manner all the remaining terms of (5.1), one gets finally (for singlet 
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spin and triplet isotopic spin states) 


> [2 Fi 2) Nmax (62 2) +1 
Lopes e Ara 
SEE si Apel g Pl Sl 2 Gaara! 


Nmin 


AMT RL A 
(N+3)U2 (0x+4)°| kr 


{var +3) + 3622(N +2) + 3624] ji (kx n ae 


+ [(N +2)( +3)+ 3622(V + 1)(N +2) + 3624]: 


3 ki, 12e | 
EN Does nn Un 
(N +2)(N +3) VU, (ox + 2) r J 

The complete imaginary interaction due to the p-state mesons is then 
equal to the sum of the two expressions (5.17) and (5.21). 


52. Discussion of <H,,>. — The two series (5.17) and (5.21) can be easily 
evaluated numerically. The only undetermined parameter is the coupling 
constant /?/47, which can be fixed, however, by comparing with the values 
obtained by DRELL and ZACHARIASEN (2°) in their analysis of low energy pion- 
nucleon s-scattering; this leads to 


2 


(5.22) EE 


(note that 4da~2M/u). This value of /"/47 also agrees with the expression 
obtained by KONUMA, MIvAZAWA and OTSUKI (35) for the nucleon-nucleon 
potential due to the exchange of two s-state mesons, which they express in 
terms of the meson-nucleon s-state scattering lengths. Using therefore (5.22) 
and the usual parameter of the Chew-Low theory (which corresponds here to 
62 —3 and Z= 3.39), we obtain for the imaginary potential W in the outer 
region the solid curve (I) represented in Fig. 2. It is seen that W is fairly large 
around the meson Compton wave length and extends approximately until a 
distance of the order of 2-10-!8 cm; it then starts to oscillate but remains 
very small in absolute value. These oscillations can be understood mathe- 
matically from the presence of the 6-function in the interaction in momentum 
space. They may have been introduced by the approximation (5.12) which fixes 
all the Fourier transforms to given values of the momenta. 

In the following, we shall often define the « range » of the imaginary po- 
tential from the first zero of W. This «range» can be extended beyond 


(35) M. Konuma, H. Miyazawa and 8. Orsuki: Two-Pion Exchange Nuclear 
Potential, to be published. 
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2-10-1 em if, for example, a slightly lower value for the cut-off is chosen. 

The dotted curve (Ia) in Fig. 2 represents the variation of W which would 
result from a choice of N,,, = 3 instead of 2. 

An aspect of these results which is not very satisfactory is the absence of 

a sharply defined multiplicity 7 of the emitted mesons. This comes from the 

shape of the g, function which, in order to agree with the experimental results 

on 7, should be sharply peaked around 


: a given value of @,. It can also be 

ne ie seen that, if such an effect were to oc- 

| i cur, the range of W would also be ap- 

Di preciably increased. If y, is peaked 

eck te around, let us say, @x = @,, We Can eva- 

ra = \ luate the expressions (5.17) and (5.21) 

di for a fixed value of N, namely N, = 

20; > = (E/w,) — 1. The range of W is then 

Aa ; > 3 ca defined by 

Fig. 2.— Variation of theimaginary poten- (9.23) ky? — "Lo 5 


tial as a function of r, for various forms 
of the p-state mesons weight function. where 2, = 4.5 is the first zero of the 
4, function. For N,—5, for example, 
this would give a range of 3-10-13 cm. On the other hand, the fact that only 
one term in the series (5.17) and (5.21) contributes to the interaction would 
not result in a drastic decrease of W, because, for this special value of N, gi 
would be quite large if the width of the function were chosen small enough. 
In order to illustrate this argument we have plotted on Fig. 2 (curve II) the 
imaginary potential which would be obtained if the y,-function were such that 


a k2 R(k) 
5.24 di, = oo 
TEA Flore Go 


with m,= 330 MeV and 0 = 50 MeV. It is seen that this is just the type of 
variation which is needed in order to account for all the experimental features 
of the antinucleon annihilation, including the sharply defined multiplicity 
of pions. 

However, as we have seen in the discussion of Sect. 3 and 4, the p-state 
functions g; in the intermediate coupling theory behave like (5.24) only for 
distances which are fairly close to the core radius; in the outer region, they 
behave rather like (5.9). It has been noted by STROFFOLINI (17) that the inter- 
mediate coupling treatment of the one-body problem would yield results in 
better agreement with those of the one-meson approximation to the Chew-Low 
theory if the constant 2 in the function ,(k, co) were chosen equal to zero: 
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The function y, for singlet and triplet even states and 9, for odd triplet states 
would then have a resonant shape like (4.24) for all values of +. However, 
for distances of the order of the meson Compton wavelength, the corresponding 
value of ©@ would already be too small, and the resulting value of n much too 
large to agree with experiment. Furthermore, the nucleon-nucleon potential 
would itself become very peculiar even at distances of the order of h/uc. It 
is, in fact, an essential feature of the two nucleon potential in the Tomonaga 
approximation, as we have discussed in Sect. 84, that a value of 7= 470 MeV 
is necessary in order to guarantee that the interaction is well behaved for 
distances greater than the core radius for all spin and isotopic spin states. 

We now turn to the discussion of two other effects which give contributions 
to the imaginary potential only with sharply defined multiplicity of exchanged 
pions: 


a) contribution of the s-state mesons, since we have seen that the cor- 
responding y, function has a resonant shape around the frequency ©y; 


b) influence of excited intermeditae states of the nucleon-antinucleon 
System. 


5°3. Contribution of the s-state mesons to {H,). — AS was seen in Sect. 4 
(Eq. (4.22)) the expansion parameter of the s-state vector, which defines the 
probability for having s-state mesons present before or after the annihilation, 
is U,/2=]|y,|?/207. Using the form of the g# functions which was obtained 
through the variational principle, and assuming that U_/2<1, we obtain the 
following approximate expression 

oo 
US Pye LL? [ R?(k)k?dk[1 + f(kr)] 
ti 0 ly |? | È: 


2 An) Wy — Wy— 4124/2 |v. |? 


0 
OR, w,)> + (07 — H+ wi). 


In order to evaluate the average values of the 6-functions on the right hand 
side, it is natural—since we assume that U,/2 will be small—to take only 
into account the p-state part of the state vector; we also assume that the 
go functions have a very narrow width. Writing then ©j=k5+%°, and 
Elo, = No+1, we obtain 


~ U+ ti Le ko Son We 
(5.26) 2 = CSO ap! + f(ko)]; 


(the function f(x) is, like in Sect. 3, equal to ((sin æ)/x); 7(N,) is a small co- 
efficient 

(622) 
No! (No + 1) 


(5.27) = n(N) = exp [— 622] 
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Taking 622? = 3, we have 7(4) = 0.04 and 7(5)= 0.07. In any case, it is clear 
from Eq. (5.26) that U, is indeed a very small parameter, so that the con- 
tribution of the s-state mesons to <H,,) can safely be evaluated only to the 
lowest order in U,. To this order, the average value of <H{}) evaluated with 
the same technique as in $ 1, is found equal to 


up: ob  (62}-2 ited 
(5.28) <H®>,=—i—— C? exp [— 627] it | 
} An ) 


4E (N,+1)(¥,— 2)! 


where we have put 


eo 


1 jae dks f(kr)] 
(Wy — Wo)? + BYE 


(5.29) UE = 


270" 
0 


The dependence of U on r being very weak, the expression (5.28) is approx- 
imately constant, and contributes mainly to the imaginary self-energy we have 
already mentioned which should therefore be subtracted. There are two inte- 
resting features however, which merit discussion: a) only one value of N con- 
tributes to the interaction, because |y, |? being a very small parameter, the 
term such that E=(NM+1)o, is practically the only one which does not 
vanish; b) at first sight, it would appear that (5.28) is of the same order in 
I? as the p-state contribution; this is not so, however, because the UT are 
themselves of the order of |y_,|?, as can be seen be evaluating (5.29). 

The remaining terms of <H,,) can now be evaluated easily to give 


| v VIRA. SEO eae i ra (622)¥o-1 
Ua ARI (a Ce | EDI 
aVv2llyeP + ly-P[, | (62) 3622(N, + 2) 
9 NN = TN ETES) 


This is, essentially, the first order interference term between p- and s-state 
mesons. As expected, it gives only a contribution for a fixed multiplicity of 
m-mesons exchanged. However, it is clear from Eq. (5.30) that it also yields 
a much smaller contribution to the imaginary potential than the p-state part. 
We conclude therefore that the s-state mesons will not be effective in shar- 
pening the multiplicity of the emitted pions (89). 


(3) These s-state mesons do not include the one which is responsible for the 
annihilation and has, so to speak, already been eliminated in the calculation of Hy. 
They are s-mesons left over from previous virtual annihilations, which come into play 
only because, the state vector being a solution of the Schrodinger Eq. (2.15), it contains 
terms corresponding to the iteration of Hy, an arbitrary number of times. 
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5.4. Effect of excited states of the nucleon-antinucleon system. — Since we are 
looking for the effects which would tend to give to the meson p(k) functions 
a more sharply peaked shape, it is natural to ask whether the influence of the 
excited states of the nucleon-antinucleon system would not have precisely 
this result. In the Appendix, the form of the p(k) function corresponding to 
the excited states is discussed in the case of the neutral scalar theory. It is 
seen that the constant À changes sign and remains negative for all the states 
above the ground state. Now, in the case of the N-N system, the annihilation 
interaction H,, will add a small imaginary part to this constant A, so that 
the p-state g, functions will have indeed the sharply peaked Shape. The 
question is how will this manifest itself in the complex potential W? As in 
the Appendix, we write 


(5.31) Bie eet SACHS 

and treat this Hamiltonian as a perturbation. Writing, for an excited state mM, 
the energy as 

(5.32) e Cr EY +, 

we find, as a first order correction to the imaginary part of the energy in the 
ground state 


CPC + Hi) PD, [Di (tH) Oo] 
+ Aran 


(5.33) AES — +e. cl 


Since the p-state part of the ®, state vector will involve the resonant like g, 
functions, the main contribution to A€|” should come from the emission of 
mesons at a well defined energy. To understand physically the meaning of 
this result one first has to note that, if the system 
consisting of one meson and one nucleon (or one 


antinucleon) has an isobaric state, the first « excited Nee 9 
state » of the N-N system will be obtained roughly ee 
by leaving one particle in the ground state and lift- vA Sy 5 

! 


/ 
7 N 
ing the other one to the isobaric state. Eq. (5.33) À EN 
is therefore equivalent to à multiple scattering cor- Le 
recti iagrams like Fig. 1. Such multiple scat- 
o > ee pte ae a ip ” DI ted Fig. 3. — Diagram illust- 
tering corrections could, in principle, be evaluate eatin A Ia 


directly using the technique of MIYAZAWA (#7): in the tering corrections to the 
framework of the fixed source theory, it is well annihilation process. 


(37) H. Miyazawa: Phys. Rev., 104, 1741 (1956). 


9 - Il Nuovo Cimento. 
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known that the two-meson vertices con be related directly to the meson- 
nucleon scattering amplitudes. In particular, since we know that the average 
meson-multiplicity is of the order of 5, it would be interesting to calculate 
multiple scattering corrections in a diagram like Fig. 3, where four p-state and 
one s-state mesons are exchanged the p-state mésons being emitted and 
absorbed in pairs, to take advantage of the T— $ resonance. However, the 
obvious weakness of such an approach is that the three- or four-mesons vertices 
may also give important contributions which it is impossible to relate to the 
meson-nucleon scattering amplitudes. We therefore believe that the introduction 
of the excited states in the framework of the Tomonaga intermediate coupling 
theory probably provides a more powerful method to look into this problem. 


6. — Concluding remarks. 


We hope to have shown, in the present paper, that a long range imaginary 
force between a nucleon and an antinucleon can emerge from a relatively 
plausible version of the usual meson theory. In spite of the heavy mathe- 
matical formalism we believe that the physical explanation for this long 
range force is rather clear and simple. The p-state mesons which are exchanged 
during the virtual annihilation tend to come out with a fixed momentum k, 
which is close to the resonance momentum of meson-nucleon scattering in 
the (3, 3) state. If we were dealing with virtual mesons, an exponentially 
decreasing potential would be obtained, and its range would be of the order 
of h/k,, too small therefore to account for the required extension of the inter- 
action. However, in calculating the imaginary potential, we actually deal 
with mesons which are on the energy shell, so that the resulting interaction 
has an oscillatory character, the «range » of which can be defined in terms. 
of the first zero (x, — 4.5) of the spherical Bessel function j,(x), so that it is 
rather equal to x,4/k,; this accounts for the much larger range of the ima- 
ginary potential. Naturally, in our calculations, this clear picture has been 
somewhat obscured by the influence of the interaction terms corresponding 
to all the other possible numbers of exchanged mesons. This is partly due to 
the Tomonaga approximation and partly due, also, as was discussed at the 
end of Sect. 5, to the neglect of multiple scattering corrections to the imaginary 
potential. This is one of the points which should be carefully investigated in 
the future, another one being the charge dependence of the annihilation Hamil- 
tonian, which it will be possible to state more precisely when more is known 
experimentally on the charge distribution of the pions produced in the an- 
nihilation process. 

The extension of the intermediate coupling theory to the problem of nuclear: 
forces (which is, so to speak, a by-product in our calculation of the antinucleon 
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annihilation) should also deserve further detailed investigation. In particular, 
it would be interesting to see if some of the features of the potential, as esti- 
mated approximately in Sect. 3°4, persist in a numerical solution of the more 
exact equations (3.24). 

It is our general impression, after completing this work, that the Tomonaga 
intermediate coupling theory is a powerful method, the possibilities of which 
have not yet been fully utilized. Im particular, it should be interesting to try 
to evaluate corrections to the one-state approximation, either by a pertur- 
bation method (as outlined, for example, in the Appendix and at the end of 
Sect. 5), or by complicating to a certain extent the general form of the trial 
funetion for the state vector. 


APPENDIX 


Nuclear forces in the neutral scalar theory. 


We start from the Hamiltonian: 


(277 


(ASA i fon ax sa à fr (k)aK(cx exp [ikx;] + ci exp [— ikx;]), 


which can be written, if we take the center of mass at the origin: 


(A.2) He Ca)" foto, dk — 2g 22) fr) dk(c, + cé) cos ze 6 
We define: 
2 kr 
re Jost, r) COS ni dk , 
(A.3) Ù 
1/2 3 . kr 
Cr) = Ca) g-(k, r) sin Dv Cx dk , 


the functions y. being normalized as follows: 


il 
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The Tomonaga equivalent Hamiltonian is easily found to be: 
{A.5) H" = a.c8¢,.4+ oc e_— V2G,(e,4+ &) 


where we have put: 


(A.6) oO. = e a fo * @x(1 + cos kr) dk, 
and 
(A.7) G.= È à [Rg + cos kr) ak. 


It is then seen that the mesons in the g_ state remain always «free », so that 
the state vector will contain only the e* operator: 


(A.8) @ a (et )*D, . 


| 
od Wel 


® is a solution of the Schrédinger equation: 


(A.9) [oct ce. — G: V2 (c: + À)]® — ED. 


Iî we write 


(A.10) 


a i | = (ef — ea), 


and make the canonical transformation 


(A.11) ® = exp è i 
L 


the new state vector ®’ obeys simply the diagonal equation 


(A.12) (oe Ci — — | di EGO 
mi 
In the ground state, D'— è, and 
2 Gr 
(A.13) see. 
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The original state vector ® is then found to be, for the ground state: 


22 a gn 
(A.14) DP = exp | — a D2 a (cé), 
with 
(A.15) z= ue ; 


O+ 


The variational principle shows also (as in Sect. 33) that the function p: has 
the form: 


(A.16) p(k) = oe 2 0 ; 
Ox+ÀV0U, 

with: A=— w,+v2 G.(M./N.), where we have defined N. = D*c*c.® and 

M.,=3®*(c.+c*)®. Using the solution (A.14) one verifies that, for the ground 

state, 4= 0. Putting (A.16) (with Z=0) into (A.6) and (A.7) one verifies 

easily that: 


= R?(k 
(A.17) Co 29: | al - cos kx)dk , 
OO; 
which is exactly the sum of the self-energy and the Yukawa potential 
(2) G(k)/\V2o,, G(k) being the Fourier transform of the source function). 
However, in the case of the excited states, for which the state vector ®, has 
the form: 


ii Gy /2 
(A.18) G.—-—exp| Le 2 (c*)” D,, 


one sees easily that A is no longer zero, but has the (always negative) value; 


noi 
no ++ (2G? /m1) ‘ 


(A.19) An = 


Let us define; 
(A.20) HÉHE CH? 
and treat H' as a perturbation. By definition, all diagonal matrix elements 


of H' are zero. The non-diagonal elements, however, do not vanish and a 
correction to the ground state energy can be written as 


\DiH'D, |? 
en CE 
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which takes then into account the possibility of excitation of the two nucleon 
system in intermediate states. In a theory where stable isobars can exist 
(this is not the case for the neutial scalar theory), Eq. (A.21) provides a simple 
way to calculate the effect of these isobars on the two nucleon forces in the 
ground state. 


EARS SIN OR (Es) 


Si ricorre a una rappresentazione semifenomenologica della teoria dei mesoni per 
calcolare l’interazione complessa nucleone-antinucleone che da luogo allo scattering 
e all’annichilamento degli antinucleoni nell’idrogeno. Si presume che la parte principale 
del potenziale immaginario sia dovuta a processi che coinvolgono l’annichilamento 
virtuale in un numero arbitrario di mesoni, tutti meno uno emessi o assorbiti in uno 
stato p. Si deriva per tali processi una Hamiltoniana effettiva, dalla quale si può cal- 
colare un’interazione statica, trattando il nucleone e l’antinucleone come sorgenti fisse. 
La teoria di Tomonaga dell’accoppiamento intermedio si estende al problema dei due 
corpi e si applica dapprima al calcolo delle forze nucleari ordinarie e della parte reale 
dell’interazione nucleone-antinucleone. Si approssima poi l’hamiltoniana dell’intera- 
zione col metodo dell’accoppiamento intermedio. Si trova che la parte immaginaria 
del potenziale ha un’estensione dell’ordine di (2--3)-10-!3 em, oltre la quale diventa 
una funzione debolmente oscillante della distanza nucleone-antinucleone. Si discute 
il significato fisico di questo risultato, nonchè gli effetti che tenderebbero a rendere 
più stringente la definizione della molteplicità dei pioni emessi. Si propone, in particolare, 
un metodo per esaminare, nel quadro della teoria dell’accoppiamento intermedio, l’in- 
fluenza degli stati eccitati del sistema nucleone-antinucleone. 


(*) Traduzione a cura della Redazione. 
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Proton-Proton Collision in High Energy. 


D. Ito, S. MINAMI (*) and H. TANAKA (+) 
Institute of Physics, Tokyo University of Education - Tokyo, Japan 
(*) Department of Physics, Osaka City University - Osaka, Japan 
(*) Istituto di Fisica, Università di Bologna - Bologna, Italy 


(ricevuto il 30 Dicembre 1957) 


Summary. — The experimental results of the proton-proton collisions 
at 1.5 GeV and 2.75 GeV by FowLER et al. are analysed in a phenome- 
nological way. It is found then that the partial waves of 1= 2--5 and 
[= 2 = 7 are mainly responsible for the pion production at 1.5 GeV and 
2.75 GeV respectively. Further, from our analysis in such an energy 
region it is shown that the effective size of the proton is nearly constant 
((0.6 —0.7) - 10-13 cm). 


1. — Introduction. 


The recent experiments on the nucleon-nucleon collisions, especially the 
proton-proton collision, in the energy region 1 ~ 3 GeV have revealed us some 
natures of the pion-nucleon interactions or the nucleon structures. That is, 
a) the cross-section of the elastic proton-proton collision diminishes gradually 
with the energy, ((24 + 2) mb at 0.8 GeV and (15 +2)mb at 2.75 GeV), 
b) and its angular distribution (90° symmetry) has a sharp forward directed 
maximum, which may be interpreted as a shadow scattering, c) the cross- 
section of the inelastic collision in the energy region (1--2.75) GeV is nearly 
constant ((24 + 3) mb). FOWLER et al. (+) tried to explain these features on 


(1) W. B. FowLER, R. P. SHurT, A. M. THoRNDIKE, W. L. WHITTEMORE, V. T. 
CocconI, E. Hart, M. M. Brock, E. M. HarrH, E. C. FowLER, J. D. GARRISON and 
T. W. Morris: Phys. Rev., 103, 1489 (1956). 
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the basis of the optical model. On the other hand, LINDENBAUM-STER- 
NHEIMER (2) and BARSHAY (*) treated the pion production on proton-proton 
collision with the nucleon isobar model supposing that the decaying proton and 
pions from one isobar do not interact with the decaying proton and pions from 
another isobar. This approach may be reasonable if the collision occurs in a 
peripheral region of each proton, but as they said the life time of the nucleon 
isobar being very short ((10-?*--10-?4) s) this approximation will lose a mean- 
ing if the collision takes place in the central part of the protons. 

Then it will be of some importance to examine in which region of the proton 
the pions are produced by the collision, and the energy dependence of this 
region is an interesting question. In order to treat these problems we shall 
take the phenomenological approach which was applied by us for the ana- 
lysis of the x~-p collision at 1.4 GeV (4), that is, considering the elastic scat- 
tering as an almost shadow scattering one estimates, from its angular distri- 
bution, the cross-section of the inelastic scattering. 

At present, the experimental data at 0.8 GeV, 1.5 GeV and 2.75 GeV are 
available, but we shall confine ourselves to the data at 1.5 GeV and 2.75 GeV, 
because the angular distribution at 0.8 GeV containing a part rather isotropic 
will not be explained by the shadow scattering. Especially, the Pauli exclusion 
principle and the statistical factors which have not been considered in the 
optical model are taken into account in our analysis. In the Sect. 2 the method 
is described briefly and in the Sect. 3 the results are compared with the exper- 
iments. In spite of our somewhat crude estimation the obtained cross-section 
of the inelastic collision shows a fairly good agreement with the observed one. 
Further, it is shown there that for the pion production process the partial 
waves /=2—5 and {=2--7 are mainly responsible at the energies 1.5 GeV 
and 2.75 GeV respectively. Next, in the Sect. 4 our method is compared with 
the optical model. Translating our results in terms of the optical model it 
is proved that the parameter R is nearly independent of the incident proton 
energy, &=(1.1--1.3)-10-!* em, while the other parameter y changes with 
the incident energy, y= 1.09 at 1.5 GeV and 0.63 at 2.75 GeV. Finally, in 
the Sect. 5 the extended size of the proton is estimated from the proton-proton 
collision, obtaining the nearly constant value (0.6: 0.7)-10-1%em which is 
consistent with the value r,= 0.7-10-!8 cm derived from the electron-proton 
scattering by HOFSTADTER et al. (5). 


S. J. LINDENBAUM and R. M. STERNHEIMER: Phys. Rev., 105, 1874 (1957). 
S. BARSHAY: Phys. Rev., 106, 572 (1957). 
D. Iro and $. Minami: Prog. Theor. Phys., 14, 108 (1954). 


1064 


PROTON-PROTON COLLISION IN HIGH ENERGY 137 


2. — Method of analysis. 


First, the reaction matrix R of the scattering for the angular momentum 7 
is approximated very roughly as 


(1) Rr=mexp[2id]-1=%:=-1, Im|<1 


where 7 indicates the effects of the absorption. Here it must be noted that 
the following characters are remarkable in the proton-proton elastic collision. 


i) The angular distribution is symmetric with respect to 90°. 


ii) There exist the spin triplet and singlet states. The odd angular mo- 
mentum contributes only to the former while the even angular momentum 
only to the latter. (Pauli exclusion principle), The statistical weights of 
both states are ? and 1 respectively, and there is no interference between the 
two states. 


In the previous paper (4) of the x--p scattering we approximated the 
elastic angular distribution empirically by b2/(a — cos 0), so in the present 
case we could put it in a form (*) c?/(a? — cos? 0)? satisfying the symmetry 
condition i). With this form however, only the even states of the angular 
momentum are relevant, while with the form b? cos? 6/(a2 — cos? 0)? only the 
odd states appear. Then a combination of both, (b2 cos? 0+c?)/(a? — cos? 0)? 
might be favourable, but the condition |m,|<1, cannot be satisfied in 
that case. Noting however that the elastic scattering at the energy in 
question should be an almost shadow scattering and that the experimental 
differential cross-section at 90° is nearly zero, we may eventually adopt the 
following form of the angular distribution 


dons K 1 
a) “ag = root) rd, 
1 
1 = = 
(3) Se 


where it is easily seen that all the necessary conditions are satisfied. 


(*) We have no fundamental reason to put the denominator as (a? cos? 6)?. 
However, if one calculates, by the perturbation, the matrix element of the p-p scat- 
tering corresponding to some diagram one obtains easily the form A4/(a — cos 0). Then, 
by the procedure of the symmetrization with 0 — (7 — 0) the denominator of the matrix 
element becomes (a?— cos? 0). Accordingly, in the expression of the cross-section the 
form of the denominator may be (a? — cos? 0)?. 
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Now, let us consider the proton-proton elastic scattering cross-section 
do“*/dQ and its scattering amplitudes (0) in the singlet states. In our 
approximation with the eq. (1) they are written as 


dow 1 e 
ue == 21 + 1)T,P (cos 0 
(4) | dQ he , 44 > SAD NE 
I al 
‘È SERIA 
(5) n 12 (2 + 1)Q'P,(cos 6) |? 
il " le 
(6) =] [XI + GIP (cos), 
(7) Tim, @=Tlb,  @=@2, 
(8) P(0) Se sir Z21+ Wen — 1) Pi(cos 0) =; D (21 + 1)Q!P,(cos 0), 
l=even 4 o J=even a even 


where the first factors + in the eqs. (4) and (5) are the statistical weight 
and k, is the incident momentum. In the case of the triplet scattering we 
assume here, as in the previous paper (*), that the À matrix be the same for 
the three states of the total angular momentum J, that is, J=1+1, / and 
1 —1 corresponding to the orbital angular momentum /. Under such assump - 
tion the cross-section (do“'/d@),_,,, and the scattering amplitude F(9) are 
expressed in the same form as in the singlet case, only with the difference due 
to the change of the statistical factor. Defining the Q; for 1= odd as 


AVIRA. 
(9) CE ue Om for = odd, 


F(9) takes the same form as F(0). 


a 7 
(8!) (0) == > (21+1)Q;P,(cos 6) . 
=ode 4 l=odd 


Then, the contributions to the elastic scattering cross-section from the l-state 
are expressed, independently of the parity of the { value, 


12 


Sa gt — = A (27 a 1)Q, 


and the contributions to the pion production are 


Ma 
prod ==, ‘ 2 
(ala) Oj =even — 4 ke (21 + 1) (Len) 
dI 
€ prod 
(12) Oi=odd = ip Et + DA nm). 
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On the other hand, noting that there is no interference between the odd and 
even states, the scattering amplitudes should be, from the eq. (2), 


1 
(13 F(0) = e**e 
Ca a) sn È — cos? 6 à i 
va il : 
(13’) MAIN EE i ; 
l=odd a? — cos? 0 


where e and e are undetermined phase factors. Then, the comparison of 


the two forms (8), (8') and (13), (13’) gives us the relations 


a 1 D 
(14 ic Ed 9 con 
(14) ec È = i 5 2 ( 1+ 1)Q:P,(cos 0), 
SE 1 
(15 i£ 210$ È = OY / ale Ù 108 , 
(15) e'î b così gif i 5 ea 1 + 1)Q:P;(cos 0) 


According to our picture, the Q} being real, the right hand side of the eqs. (14) 
and (15) are pure imaginary, and so must be their left hand sides. This 


requires the phase factors e'f— e'° =i, and we obtain finally the following 
equations 
x 1 
A a) iin Bl 1 er. 
do Lah 2a] aa tao PM) de 24da| = 20[(@:(0)/a) — dda]; 
— | 


for = even, 


1 1 


- L den 
2 — =e Ca x : | = 2 AU wi 1,1 
Ale er - P(x) da af: P,(x) da b 0 (a) 01, | 


=; =i 


for 1= odd, 


where x = cos 0 and 


Ik ff Le AGE 
(18) Qi(a) = ee dæ 


As is seen in the formulae of Neuman-Hankel these Q,(a) are the Legendre 
functions of the second kind and easily calculated for the given value of a. 
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Consequently, with the known 97 we find the 7 values by the eq. (7) and 
making use of the eqs. (10), (11) and (12), o*"* and of” are estimated finally. 


3. — Comparison with the experiments.. 


The angular distribution of the proton-proton elastic scattering given by 
FOWLER et al. (1) are reproduced in the Fig. 1 and 2, where the curves re- 
present our empirical formula (2) calculated with the chosen parameters a?, 


25H | v 
o i 30 =a 2.75 GeV 
= 20 20 
S à 
SE 20 415 
Ss DI 
10 x10 
0 SG 
> = 


b?, cè and d in the Table I. The elastic scattering cross-sections for such choice 

of the parameters are estimated by the method described in the Sect. 2, and 

we obtain 0’ = Y of" — 19 mb at 1.5 GeV and 13 mb at 2.75 GeV con- 
T 


TARE Ie 
| Energy 
Parameters i = = == 
| 1.5 GeV 2.75 GeV 
a | 1.39 1.15 
| 
b2 (mb) 5.00 0.56 
c? (mb) 0.90 | 0.10 
| d 0.70 | 0.86 
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sistent with the experimental values (20 + 2) mb and (15 + 2) mb respect- 
ively. This fact will guarantee us that the choice of the parameter values a, 
5, c and d should be sufficiently adequate. 

Now, after adjusting, as above, the parameters to the elastic collisions 
data, we shall look for the pion production cross-sections by the method given 
in the Sect. 2. The results are shown in the Tables IT and III for each partial 
wave contribution. There, taking into account the statistical weights, the 
total production cross-sections are obtained by a summation of each contri- 
bution, resulting o”" = 22 mb and 21 mb at 1.5 GeV and 2.75 GeV respect- 
ively. In Fig. 3 the values are compared with the experiment. 


© our calculated values 


= data of Fowler et al 


Inelastic 


sani 
== 
Elastic 


Proton Kinetic Energy (GeV) —= 


It is very interesting that in spite of our rather rough estimations they 
show a fairly good agreement with the experiment. Further, it should be 
noted that the calculated production cross-sections are, as observed in the 
experiments, nearly independent of the incident energy. 

Now in the Tables II and III we can see the effective partial waves in the 
production process. The waves 1=2—5 and 1=2—7 are mainly respon- 
sible at the energies 1.5 GeV and 2.75 GeV respectively. Transforming to 
the impact parameters corresponding to these partial waves, one may say that 
with the largest contributions from Rk = (0.7 — 0.8)-10-! cm the proton region 
up to R=(1.2--1.4)-10-!* em plays an important role in the pion production. 
This fact is intimately related to the extended size of the proton which will 
be discussed in the Sect. 5. But before going to this problem we shall com- 
pare our results with those of the optical model. 
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TABLE II (at energy 1.5 GeV). 
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TT 2 n 2 | 
l Soi) l sa (ala Dna | 
Co ki 
0 0.55 mb 1 94 mb 
2 8.58 3 11.02 
4 6.00 5 6.07 
6 2.44 7 2.34 
8 0.87 9 0.78 
10 0.24 11 0.09 
gr y * (21+ Der) ne Sie )\(1 — 7î) = 22 mb 
1 =even Ke 12,6 À 
TaBLE III (at energy 2.75 GeV). 
TT 2 TT 
l sl) er) l SE Mmm) 
ky Is 
0 53 mb 1 1.60 mb | 
2 4.71 3 6.47 | 
| 
4 5.04 5 5.79 | 
6 3.32 7 3.64 
8 1.90 9 2.04 
10 1.03 M 1.09 
12 0.54 13 0.57 | 
14 0.27 15 0.29 | 
| 
se > È (21 + 1)(1 — 7) = SE (21 + 1)(1 — nj) = 21 mb 


de Pe 
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4. — Relations with the optical model. 


The diffraction scattering amplitudes f(0) by a sphere of radius R is given, 
for a small scattering angle 0, by 


f(0) oc J (KR sin 0)/(k,R sin) = 1 — (ente È +...= 1/[14 (kK R)262/8] . 


Considering the quantities up to the order of 62, we may set 


02 
(Hors! (7) = 1h — Bed eee 


then, the cross-section at small angle 0 is written 


doe" eet : ed 
(19) 0 ky |[ (248)? + 1— cos 0]}?, i= nee 


On the other hand, our empirical amplitude eq. (2) also can be approximated. 
for small 0 in the same form, 


(20) (b? cos? 6 + e?) 


1 A 1)}Vb2 + ©? 
a? — cos? 0 CF (a + 1)(a — cos 0) ; 


There, it is seen easily that our parameters are closely related to those of the 
optical model, that is, 
(21) a=(23/R*+1, A3y=f{l—da—1)}Vb+@/(a+1). 


Introducing the parameter values of Table I in these relations we obtain the 
corresponding optical model parameters À and y, as given in Table IV. Then, 


TABLE IV. 


Energy 
Parameters == a 
1.5 GeV 2.75 GeV 
È TELOSUOste vem | 1.30-10-13 em 
y 1.09 0.63 
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in terms of the optical model, our choiced values are somewhat different from 
those used by FowLER et al. (1) in their proper optical approach. As was 
remarked in the Sect. 3, owing to such weak dependence of À on the incident 
energy, the higher | waves mainly aswer for the higher energy events. 


5. — Proton size and proton-proton scattering. 


We may rewrite the elastic scattering cross-section (19) in the following 

form 

el\ =4 
(22) (Fa) i = (1 — cos 0) + (24/R)?]. 
Then, if the high energy proton-proton scattering can be really interpreted as 
a shadow scattering, the experimental value (do"'/dQ)~* plotted as a function 
of (1 — cos 0) must be linear in the region of small angles 0. In fact, it 
proves well to be so, as illustrated in the Fig. 4. Further, as a confirming 
example, in the Fig. 5, the same procedure is operated for the x-p scattering 
which is known to be the shadow scattering from the analysis of the disper- 
sion relations. It shows also linear dependence as expected. 

Now basing on such picture 
we shall estimate the order of 
the proton size in the follow- 
ing two ways. 


a) The simplest way is 
to observe that the tangents 
hare eee ere (o of these lines are given by 1/yÀ 

(1-cos 8) (1- cos@) and that the crossing points 
with the vertical axes are 
47/yE?. From these two values 
we can determine easily the 
values of R and y. The ob- 
tained R value is almost inde- 
pendent on the incident ener- 
gy, and at 1 GeV, for example, 


(23) R =~ 135-10-=3 em. 


As E corresponds to the radius of the optical model, it should be twice the 
proton radius r,. Thus, 


(24) r, & 0.68-10-% cm, 
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which is consistent with Hofstadter’s value r, = 0.70-10-8 em obtained from 
the electron-proton scattering, 

The above method is very 
simple and it might introduce 
a large error because it relies 
only on the experimental dif- 
ferential cross-sections. So, as- 
suming only a shadow scatter- 
ing as to the elastic collision, 
we shall estimate the proton | 
size from the total cross-section. Hoe: 
Using the relation (21) between 


our model and the optical one, the cross-sections are given by (°) 


OT Re, 
(25) o = ynR?]{2 + (2/ER)}, 
ge —ya Re (1 — y/{2 + (2/kR}}) , 


from which y and R are expressed by the cross-sections 0° and oo 


VEE CE LT OT 


(26) DENSI tot 2 ab ? 
via ESTINSE: 
oe D 
(27) hi Es 
5) 
ZT V 
where 6°” is the total cross-section of the proton-proton collision o°*=¢ ‘git 


o° the elastic scattering cross-section, M the proton mass (4 — ¢= i) cand 
the incident energy in the laboratory system. As the values of o* and o° 
we used the experimental data given by CHEN-LEAVITT-SHAPIRO (EHE 
results are shown in the Table V. 

As is seen in this Table R shows a weak dependence on the incident energy, 
confirming also the rough estimation in the Table TV. Such estimation would 
suggest, in a certain sense, the proton radius 


(28) pee (0:6 0 lO em 


in place of the Compton wave length r, — #/Me = 0.21-10-13 em. 


(°) D. Ivo, T. KoBAYASHI, M. Yamazaki and $S. Minami: Prog. Theor. Phys., 18, 
F. F. CHEN, C. P. Leavirr and A. M. SHAPIRO: Phys. Rev., 103, 211 (1956). 
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TABLE V. NT See 
[o Tab. Da | Nano values ri Our estimated values 
(Get) | Ome (mb) | 6° (mb) tot ge | 2/y R (em) 
2.5 AM 280 | 270 1.33: 10 
2.0 | 43 | 18 | 2.39 227 | 125-108 
1.5 7 20 2.35 ì 2.20 12 SEO 
| | 
| 1.0 48 | 21 | 2.28 2.07 122608 
0.8 | 47 | 22 i 2.14 1.86 | IPS 
| 3 | 


Though our radius is almost the same as that of HOFSTADTER (7, = 


D 
= 0.70-10 cm) (5), one may ask « What is the proton radius? ». There is no 
evidence that our radius should have the same meaning as that of HOFSTADTER. 
In any way however, it must be very suggestive that the same « proton size » 
is obtained from very different experiments. È 


RIASSUNTO (*) 


Si esaminano sotto l’aspetto fenomenologico i risultati ottenuti da FOWLER et al. 
sulle collisioni protone-protone a 1.5 GeV e 2.75 GeV. Si trova così che le onde par- 
ziali con 1=2+5 e =2-7 sono le cause prevalenti della produzione di pioni a 
1.5 GeV, rispettivamente a 2.75 GeV. Dalla nostra analisi risulta, inoltre, che in questo 
intervallo di energia le dimensioni effettive del protone sono pressochè costanti 
((0.6--0.7)-10-13 em). 


(*) Traduzione a cura della Redazione. 
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On the Decay Modes 
of Interacting and Non-Interacting K'-Mesons. 


B. BHOwMIK (*), D. Evans and D. J. PROWSE (È) 


H. H. Wills Physical Laboratory - University of Bristol 


F. ANDERSON (*) D. KEEFE and A. KERNAN 


University College - Dublin 


(ricevuto il 9 Gennaio 1958) 


Summary. — The decay modes of K*-mesons which have been inelastically 
scattered from nuclei in emulsion have been determined and it is shown 
that their relative frequencies are consistent with those obtained for 
K*-mesons which have not undergone nuclear interaction. Measurements 
were also made on a total of 286 decay events with a singly charged 
secondary with the object of discovering without detection bias, particles 


I 


decaying in the rare 7’ and the K,,, modes. 


1. — Introduction. 


The problem of whether the 7 and the 0-particles ought to be considered 
as being identical or as two distinct particles is now well known. The analyses 
of 7-meson decay by DALITZ (1) and FABRI (?) suggested that the 7-meson 
was most likely to be a pseudoscalar particle, and as such forbidden to decay 
in the y-mode to two x-mesons. The failure of parity conservation in weak 
interactions suggested by LEE and YANG (3) offers one way out of the dilemma 


(*) Now at the University of Delhi. 

(x) Now on leave at Phisics Department, U.C.L.A., Los Angeles. 

(+) Now at the John Hopkins University, Baltimore, Maryland, U.S.A. 
(4) R. H. Darxrz: Phys. Rev., 94, 1046 (1954). 

(2) E. FABRI: Nuovo Cimento, 11, 479 (1954). 

(3) T. D. Lee and C. N. YANG: Phys. Rev., 104, 254 (1956). 
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if the breakdown holds also for decay processes not involving the neutrino. 
Other suggestions which have been made in order to explain the apparent 
equality in mass and lifetime of the + and 0-particles include that of LEE 
and OREAR (*) involving a genetic relationship with a very small energy re- 
lease between two distinct heavy mesons of different life-times, and that of 
LEE and YANG (5) in which the + and 6-particles are envisaged as constituting 
a parity doublet. If the difficulty of reconciling the modes of decay does 
indeed imply the existence of two particles then their relative abundance in 
a sample of K-mesons which have interacted with nuclear matter might be 
different from that in the pure beam at production. In the first place this 
could arise from a difference in the interaction cross-sections of the two part- 
icles. Alternatively it is possible that upon interacting, a 7-particle might 
be transformed into a 0-particle and vice versa with certain probabilities; 
in particular, the case of nuclear scattering with change of parity has been 
considered by BERESTETSKY and Bycukoy (°). If the assignment of the +, 7’ 
and K,, modes to the t-particle and y, K 


2 


ys and K, modes to the 0-particles 
is correct (7), then the unscattered K* beam entering an emulsion stack con- 
sists of 7 and 0-particles in the proportion of very nearly two-to-one. Unless 
the ratio of the probabilities for « 7 to 0» and «0 to 7» transitions assumes 
the special value of one to two there will be a change in the beam composition 
after interacting. Even if the separation into distinct particles is more complex 
than this and interparticle transitions still occur, there will in general be a 
change in the relative frequencies after interaction. 

In order to investigate this possibility, BISWAS et al. (8) selected 146 events 
in which a K-meson collided either elastically or inelastically with a nucleus 
and later decayed; they observed 10 to decay in the t-mode and they made 
extensive measurements on 31 K,-decays in which the secondary particle was 
in good geometry, and found two further low energy K,,, decay events on the 
basis of less accurate measurements on a sample of 55 further K,-decays in 
poorer geometry. In their experiment about 30% of the K-mesons chosen 
suffered only elastic scattering with deflection > 40°, and the remainder made 
inelastic collisions. WIDGOFF et al. (°) have investigated the relative frequencies 
of decay modes in a stack exposed to a K*-meson beam emerging from a 


Le 


uranium target at 120° to the Cosmotron beam. They grain-counted the 


(*) T .D. Lee and J. OREAR: Phys. Rev., 100, 932 (1955). 

(5) T. D. Lee and C. N. YANG: Phys. Rev., 102, 290 (1956). 

(6) V. B. Berestetsky and Yu. A. BycuKov: Nuclear Physics, 3, 153 (1957). 

(7) M. GELL-MANN: Pisa Conference (June 1955). unpublished. 

($) N. N. Biswas, L. CECCARELLI-FABRICHESI, M. CECCARELLI, N. C. VARSHNEYA 
and P. WaLoscHEK: Nuovo Cimento, 4, 631 (1956). 


(9) M. Wipeorr, A. M. SHAPIRO, R. ScHLUTER, D. M. RITSON, A. PEVSNER and 
V. P. HENRI: Phys. Rev., 104, 811 (1956). 
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tracks of 72 heavy meson secondary particles and in addition observed 28 -- 
decays and 18 low energy +’ and K,, decay events in area scanning. Under 
certain assumptions and approximations they have estimated the 120° beam 
to be 75% composed of scattered K-mesons and have compared their results 
with those obtained in a study of the K+-beam produced at 60° from a copper 
target in the Cosmotron and reckoned to contain only 20% of scattered part- 
icles (2). 

The present investigation was commenced after a considerable number of 
decays and interactions of K-mesons had been found in a systematic way 
described in full by BHOWMIK et al. (11), in order to add significantly to the 
published data; in addition measurements have been made on those events 
where the primary particle had not interacted inelastically, with the object 
of discovering, without any detection bias dependent on the energy of the 


secondary products, particles decaying in the +’ and K,, modes. 


2, — Experimental procedure. 


A stack of G5 emulsion sheets (the so-called K} stack) was exposed to 
the momentum analysed positive beam produced at 90° to the 6 GeV proton 
beam incident on a copper target in the Bevatron. The tracks of K*-mesons 
of an energy between 100 and 150 MeV were found and followed to their end 
points in the stack, interactions occuring between the mesons and emulsion 
nuclei being recorded. Full details of the exposure, scanning procedure and 
the classification and analysis of the interactions are given in BHOWMIK et al. (11). 
In scanning 148 metres of K*-meson track length, 94 interactions were observed 
in which the K-meson was seen to emerge, having lost an amount of energy 
which was greater than 10 MeV; these mesons were classified as the « scattered 
K-meson beam ». About 2000 tracks due to K-mesons which did not suffer 
an inelastic collision were traced to their ends. From these a random sample 
was selected and 286 secondary tracks in good geometry were grain counted 
in order to yield information on the secondaries of the « unscattered K-meson 
beam ». 

The frequency of occurrence of the different components of the K-meson 
beam, decaying into singly charged particles, was found from ionization measu- 
rements on the tracks of the decay products. Only tracks having a dip less 
than a prescribed cut-off angle in the unprocessed emulsion were used for 
these measurements. About half the sample was analysed with a cut-off angle 
of 34° on the scattered beam and 31° on the unscattered beam; later these 


(10) T. HoanG, M. F. Kapton and G. YEKUTIELI: Phys. Rev., 102, 1185 (1956). 
(11) B. BHOWMIK, D. Evans, S. Nirsson, D. J. PRowsE, F. ANDERSON, D. KEEFE, 
A. KERNAN and J. Losty: Nuovo Cimento, 6, 440 (1957). 
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cut-off angles were changed to 30° and 22° respectively for the remainder of 
the sample. The secondary tracks were followed through a number of emul- 
sion sheets to enable the accumulation of sufficient statistics for an accurate 
estimate of the ionization. The statistical precision of the measurements on 
the secondaries of the K-mesons of the scattered beam was never worse than 
3% while for events of the unscattered beam an average uncertainty of 45000 
was allowed. In every plate the grain density, g_, of the tracks due to the 
beam 7-mesons was measured with a precision of better than + 2.5% and 
the other grain counts on the secondary tracks normalized by dividing them 
by g.. From the calibration curve of ALEXANDER and JOHNSTON (!*) in this 
stack, g_ is known to be 1.01 times the minimum grain density so that the 
specific ionization g*, normalized to g_ will be 1.04 for secondaries arising in 
the K,, mode, 1.12 for the K, mode, and 1.21 for the y mode. In general the 
grain density of the tracks was obtained in the centre region of the emulsion 
only, but where necessary, correction was made for the development gradient 
(23% surface to glass) which was shown to be present from the normalization 
measurements. 

A re-examination was made of all the secondary tracks from K-mesons 
of the scattered beam, which had values of g* lying between 1.06 and 1.30. 
Special efforts were made to distinguish the K, decay mode and in every case 
where a value of g* consistent with 1.12 was obtained the track of the secondary 
particle was traced for 4cm and examined carefully for evidence of energy 
degradation or change of ionization. Only one case was found to have exactly 
the right grain density and its identification as an electron secondary was 
confirmed by the discovery of an electron-electron collision along its path. 
In addition, for the K-mesons of both the scattered and the unscattered beams, 
all secondary tracks giving a value of g+ > 1.4 from the initial measurements 
were followed a sufficient distance to ensure identification of the +’ and the 
K,,, decay modes. 

A K,;-decay event would be detected with certainty as such only if the 
u-meson had an energy less than about 55 MeV (gt >1.4). Accordingly a 
division of K,,-decay events has been made into the two classes x, and %,x 
according as the u-meson energy is greater than or less than 55 MeV. Recent 
work on the energy spectrum of u-mesons arising in this mode (!*15) suggests 


that the number of x,,, events is about one half of the number of ~,,., events. 


V high 


(12) G. ALEXANDER and R. H. W. Jounston: Nuovo Cimento, 5, 363 (1957). 

(13) R. W. Birce, D. H. PERKINs, J. R. Peterson, D. H. Srork and M. N. WuHITE- 
HEAD: Nuovo Cimento, 4, 834 (1956). 

(14) D. M. Rirson, A. PEVSNER, F. C. Fune, M. Wipcorr, G. T. Zorn, S. Gorp- 
HABER and G. GOLDHABER: Phys. Rev., 101, 1085 (1956). 

(15) G. ALEXANDER, R. H. W. JonnsTon and C. O’CEALLAIGH: Nuovo Cimento, 
6, 478 (1957). 
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3. — Experimental results and discussion. 


81. The scattered beam. — In all, 94 events were found corresponding to 
the inelastic interaction of a K-particle with an emulsion nucleus where the 
heavy meson emerged from the collision in the same charge state. In 6 cases 
the emergent K-particle left the stack before decaying, 5 decayed in the 7 
mode and 2 decayed in flight to a single charged secondary. Ionization measu- 
rements of the type described in Sect. 2 
were made on the tracks of the 33 events 
where the single charged secondary had a dip Ka 
less than the prescribed cut-off value, and y 
where the event lay within the central 80% of the 
emulsion. The final distribution of normalized 
grain density, gt, for these events is shown in 
Fig. 1. The event identified as being a decay 
in the K, mode is marked «f » while in another 
case, marked by «2e», an electron pair was found 
to be associated with the end-point of a K- 
particle decaying in the y mode. 


e 


Nas oo © 
NUMBER 


Fig. 1. — Histogram of the va- 
lues of g* (normalized grain den- 
sity) for all secondaries in geo- 
metry of the «scattered beam ». 
The event marked «8» is a Kg 


Neglecting the possible small contamination 
of x, events, Fig. 1 indicates that the sample 
analysed comprised 24 K,, events and 8 y events 


event and the event marked 2e 
is a y-decay event with a Dalitz 
pair associated. 


and 1 K, event. In order to compute relative 

frequencies, 6 of the 12 K, events (*) lying within the central 80% of the 
emulsion, and 2 7 events have been included among the events of geometry 
acceptable for measurement. Of the K, events, 5 have bene assigned to the K,, 
mode and one to the y mode, i.e. in about the ratio found for the unscattered 


TABLE I (a). — Relative frequencies of the decay modes in the scattered beam. 
= ——— “A —— =_= = '_—— —— “a == = ———————— ——— SSS = === 
Decay mode T TURE) FAI QUE TRE) iow Kg 
Relative frequency 5/88 | 0/41 9/41 29/41 | 0/41 1/41 
Percentages | Ber Dees Da 2248 71412) — | 2 | 
| | | | 
| | | 
Combined with Got- | 6.3+1.6| 0/91 23+6 64+ 9 | 2/91 2/57 
tingen percentages | | | [TZ ~ 4% 
| | | | | 
| | 
(*) 1 example of the 7’ mode was found but it was out of geometry. 


(+) These figures may contain a small contamination of x; events. 


(*) K,-events are K+-meson decay events in which no secondary could be found. 
For a full treatment of this problem see reference (11). 
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TABLE I (b). — Relative frequencies of the decay modes in the unscattered beam. 
be ici siga Aa | | 
| Decay mode T | cl % | Kus | Ph | Khigh | Kg 
| | = da = i= ——| = 
| Percentages | | | | : | 
This work | 61/1330=| 11/353— | 24+6(*) | 6245 (*) | 8/353= | 2 4 | 
| ek | |=2.3+.8) assumed | 


| =4.64.6 | =3. 


| ALEXANDER | 6.77+.43 | 2.15+.42|23.2+2.2|56.9+2.6| 590413 |5.0641.3 
et al. 


I 
w 


2.8 +£1.00 {3.2 +1.3 


BIRGE et al. | B56= | 2.154-.47 277-6207 | 685-4 


| (*) These errors are not only statistical but also take into account the uncertainty in the 
analysis of the g* distribution in Fig. 2. 


beam (cf. 3°2). Since the K, correction is a small one, any error in this assignment 
is negligible compared with the statistical errors in the relative frequencies. 
These results are summarized in Table I (a). 

In the third row of the table the figures of the Gôttingen group, which are 
in agreement with the present results and obtained in a rather similar experi- 
ment, are added, and the summed data may be compared with the figures 
for the unscattered beam given in the second half of the table. Clearly, no 
statistically significant change in the relative frequency has been produced 
by allowing the beam to interact first with nuclei. 

The two decay-in-flight events observed, in a time of flight for the scat- 
tered K-mesons of 1.6-10-8 s, are in reasonable agreement with the lifetime 
value of 1.24-10-* s for the particles in the unscattered beam. 


32. The unscattered beam and the K,, and 7' decay modes. — Tonization 
measurements were made on a random sample of 286 decay events obeying 
the criteria of Sect. 2, and the results are shown in Fig. 2. The bulk of the 
histogram lies in the region gt = 0.9 = 1.3 as expected from the predomin- 
ance of the K,, and y-decays and is well fitted by the combination of the 
Gaussian curves as shown. These curves give a ratio WE = 0.38 in good 
agreement with that obtained by other workers (13-15); the detection efficiencies 
estimated were 0.84 for K,, and 0.92 for y events (cf. appendix to Ref. 13). 
The spread of the curves is that associated with the statistical errors in the 
grain counts. 

As described in Sect. 2, all secondaries giving an initial value of g+ > 14. 
were followed to allow the unbiassed discrimination of decays due to the +’ 
and the K,, particles. The highest energy that a æ-meson arising in the +! 
decay mode may have is 54 MeV, corresponding to a track of g+= 1.61, and 
since the lower limit of g* for the following of tracks is about 3 standard 
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deviations below this, it is expected that all examples of this type of particle 
were found. The energy of a u-meson having a track of g+= 1.4 is 55 MeV 
and so the efficiency of detection of the K,,, events is thought to be independent 


30+ 
28- 
26- 
22- 


204 


Ss 
ao oo 


ye) 


o o un 
T 


a 
r 


Assumed 
A PP a 


1 PT | 


SAO a 12 13 
g* COMBINED BRISTOL-DUBLIN 


on 


Fig. 2. — Histogram of the values of g* for all secondaries in geometry of the « unscat- 
tered beam ». There are 19 events with g+>1.46 of which 11 are from the -'-mode 
and 8 from the x-mode. In addition there was an event with g*=1.51 (not shown) 
which appears to be a y-decay event giving an anomalous ionization measurement. 
The number of Kg events has been estimated from published data (4%) and the gaussian 
marked Kg is the distribution in g* expected from such events. The relative number 
of K,,, and y-events present in the sample has been estimated in the following way: 
two gaussian curves were centred at g*—1.04 and 1.21, each with a width expected 
from the statistical accuracy of the ionization measurements. Their relative amplitudes 
were then adjusted to fit the observed distribution, the best fit being chosen by a 
simple y? test. 


of energy for secondaries of less than 50 MeV. The tracks of the decay pro- 
ducts of all +’ and K,, particles detected were followed to their ends in the 
stack and Table II shows the energies observed. 


K,,3 modes of decay. 


TEA AS III NC IS 2 0010006 022 0933 051. 
4 HUM, UT TN 22 00 005, D 37, 130, (59) 


(*) This event has 97 < 1.4 and so is excluded from the analysis. 


The relative frequency of occurrence of 7’ is (3.1 + .8)%; of + is (4.6-+ .6)% 


and ~,,,, is (2.3 + .8)%; and the branching ratio 7/t=.67 +.15. Fig. 3 


summarizes the present results on the +’ secondary spectrum together with 
those given at the Rochester Conference (1957) which are also unbiassed. The 
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figure is in general agreement with the hypothesis that the 7-mesons are 
created in an even spin and odd parity state in the decay process. It is inte- 
resting to note that in the examination of the heavy meson decay events, 
electron pairs were observed to be associated in 3 cases. Assuming that the 
branching ratio for the alternative decay mode of the x° into an electron pair 
and a y-ray is 1/80 and that a r°-meson is in- 
volved in the decay modes K_,, K,,, and K,, and 
two r° in the mode +’ then the number of elec- 
tron pairs expected is 5. 


Fig. 3. — Energy spectrum of the 7x+-mesons emitted 

in 7'-decay. These are the combined results of this 

work, the Dublin, Advanced Institute, work (ref. (15)) 

and the Columbia work (reported at the Rochester 
Conference, 1957), 


We are very grateful to Professors E. J. LOFGREN and R. W. BIRGE who 
made the exposure to the K* beam at the Bevatron possible. We acknowledge 
with gratitude the work of Mr. C. WALLER (Ilford Ltd.) in preparing the stack. 
Our thanks are due to Professors C. F. POWELL F.R.S. and T. E. NEVIN for 
their constant encouragement. The hard work in scanning by Misses J. BYRNE 
and M. PEARCE, Mrs. A. Boutt and Mrs. A. Evans at Bristol, and Misses 
D. O’BRIEN and M. SmirH at Dublin is greatly appreciated. Special thanks 
are due to Miss B. MAHER and Mrs. A. Evans for their assistance with the 
measurements and to J. Losty and 8. NiLsson for their contributions in the 
early stages of the experiment. We thank Dr. J. OREAR for permission to include 
the published Columbia data in Fig. 3. One of us (B. B.) wishes to thank the 
University of Delhi for leave of absence; another (D. E.) the University of 
Bristol for a graduate scholarship. 


RIASSUNTO (*) 


Si sono determinati i modi di decadimento dei mesoni K+ che hanno subito scat- 
tering anelastici in emulsione e si dimostra che le loro frequenze relative sono com- 
patibili con quelle ottenute pei mesoni K+ che non hanno subito interazioni nucleari. 
Si sono anche eseguite misure su un totale di 286 decadimenti con un secondario sem- 
plicemente carico allo scopo di scoprire, senza incorrere in errori d’osservazione, le 
particelle che decadono nei modi rari 7’ e K,,z. 


T 


(*) Traduzione a cura della Redazione. 
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Radiative f-Decay of the x-Meson. 


E. FERRARI 


Istituto di Fisica dell'Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto l’11 Gennaio 1958) 


Summary. — The probability of the process 7 —e + v + + is calculated 
by means of a cut-off procedure. It is shown that for ST coupling the 
branching ratio (2-e + v+ y)/(r 4 + v) is practically independent of 
the cut-off parameter. 


The problem of pion decay through a virtual nucleon pair is of much in- 
terest in the framework of the Universal Fermi Interaction. The theoretical 
result suggested by this scheme seems to be in contradiction with the exper- 
imental evidence. 

It is well known that the pion decays into a u-meson and a neutrino: 
radiative decays 7 >u+v+y have been observed, but so far no events which 
could be interpreted without ambiguity as direct pion decays into an electron 
and a neutrino (accompanied or not by photons) have been detected. The 
scheme of the Universal Fermi Interaction, however, because of its symmetry 
between muon and electron (except for the masses) would make one to expect 
either decay. 

We are assuming that the coupling in the Universal Fermi Interaction is 
mainly scalar and tensorial (ST), assuming the customary order of Fermi 
amplitudes (1). We must also assume a small amount of axial coupling (A), 
in order not to forbid the 7 + u-+y decay, which can occur only through the 
axial and pseudoscalar couplings. In this case the branching ratio of the pro- 
babilities of the two decays is 


RAR Sia 


iG =, 


(1) Recent evidence from recoil experiments has cast some doubt on the suitability 
of the ST theory. 
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If however we consider the radiative 8-decay 7 >e+v+y we arrive at 
a serious discrepancy with the experiment. We shall discuss this difficulty 
later. 


1. The radiative 5-decay of the pion. 


The radiative 8-decay of the pion may occur through the 3-rd order graphs 

Shown in Fig. 1. 
For an ST interaction all the contributions of the various couplings between 
the fermions are ineffective or negligible in comparison with the contribution 
of graph (ce) with tensorial coupling. 


ani - y In fact in the other graphs of type (c) 

È the coupling constants are small in com- 

no e a En) parison with the tensorial, except the 
(0) yo Pet oS Vv scalar: but in this case the process is 


forbidden. In the graphs of type (a) 
and (b) the corresponding 2-nd order 
processes, obtained by suppressing the 
photon, are forbidden for the tensorial 
and scalar couplings, and negligible 
for the other couplings, because of the 
smallness of the coupling constants. 

The process 7 > e-+v-+y has already been calculated by several authors (?); 
but all of them have made «approximate » calculations. The reason is that 
the matrix element of the process turns out to be logarithmically divergent. 
for large momenta of the virtual nucleons. In order to make it finite, a cut-off 
procedure must be introduced. The value of the cut-off parameter is to be 
chosen so that it fits the other experimental data; but it remains to a large 
extent arbitrary. The approximate calculations consist in writing down for 
the contribution of the intermediate nucleon loop an adequate expression 
suggested by gauge invariance or symmetry requirements. Thus the cal- 
culations are much simplified; but it is not possible to see the influence of the 
cut-off procedure on the result, and one could doubt that, with a large var- 


(?) M. RUDERMAN: Phys. Rev., 85, 157 (1952); S. B. TREIMAN and H. W. Wyrp: 
Phys. Rev., 101, 1552 (1956); T. EGucnI: Phys. Rev., 102, 879 (1956). Experimental 
work on the problem has been performed by H. L. FRIEDMAN and J. RAINWATER: Phys. 
Rev., 84, 684 (1951); S. LOKANATHAN and J. STEINBERGER: Suppl. Nuovo Cimento, 2, 151 
(1955); H. L. ANDERSON: unpublished; S. LOKANATHAN: Ph. D. Thesis; J. M. Cas- 


SELS, M. RiGBy, A. M. WETHERELL and J. R. WormaLp: Proc. Phys. Soc., ATO, 
729 (1957). 
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jation of the cut-off parameter, the result might vary even by many orders 
of magnitude, since the original integral was divergent. In order to remove 
this objection, we have carried out the calculation as exactly as possible. The 
only approximation we have been compelled to make is an expansion of the 
matrix element in powers of the parameter m_/M; in the final result the error 
to be ascribed to this cause is less than 2%. 

The final result, which has been obtained with the Feynman-Dyson’s co- 
variant treatment of the perturbation method, gives for the transition pro- 
bability 7. of the process 7 +e+v+y the expression 


i it e? ls G2 i ni n? 
(1 a | OF | | poe 
6 nr = 4rhe) he 192 718 }» 


where G is the pseudoscalar constant of the Yukawa interaction: g, is the 
tensorial constant of the Fermi interaction: h,' is the Compton wave length 
of the pion: 7 is a constant, cut-off dependent, which diverges as log 7 when 
the cut-off parameter t goes to infinity; 0’ is a pa- 


‘ameter which ranges from 1 to 0 when 7 varies from © (0 
0 to co; g(0') is the following function of 0’ ù 
vA 
g(a’) Sit = e'4 a o. i 
4 
A graph of g(0') in function of 0’ and of the cut-off 3 
parameter 7 is plotted in Fig. 2. 3 
The meaning of t and the explicit expressions 7 
of 7 and g' in function of 7 will be given in the last 
paragraph. ts © NOIOSO 10 
In the calculation the mass of the electron is MHI BS Hist 1 
neglected. Fig. 2. 


A remarkable feature of our calculation is the 
following. If we compute the transition probability t,* for the non-radiative 
decay x >u+v we find (y= m,/m.) 


(2) Ton 


18/0346): (ate 2 pp 
re (1 — y2)2y2 
824 Hal hc hi | y?( DAR 


where g, is the axial constant of the Fermi interaction, M is the nucleon mass, 
and is the same constant as in (1). Therefore the branching ratio 9, = Te ER 
never diverges, and depends on the cut-off only through g(o'): that is very 
slightly. It is almost the same situation which occurs in the calculation of 


the ratio (x +e+y)/(z >p+v), in which the divergences cancel out. 
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If we evaluate 0, numerically, we find 


Il e? m_\? gr\? 
DI» iv 472 alt Se NZ te 
D 487 (5) (Gl ae Fe dI 


ORA rate rit 
10 Giga: 


> 


This result is in full agreement with the approximate result of TREIMAN-WyYLD's 


calculation, which is (*) 


- [9r\? 
(3) o, > 10- (#7) ) 


which, compared with ours, is equivalent to setting g(0') > 1, which is actually 
the case. Our calculation gives a quantitative expression for the > which 
appears in (3), and fixes the variation of 9, with the cut-off parameter. Be- 
sides this it demonstrates that it is not possible to obtain large variations of 0, 
by choosing different cut-off parameters, provided the same cut-off is used 
in both calculations: the calculation of the radiative and that of the non- 
radiative decay. 


2. — Conclusions. 


As TREIMAN-WYLD have pointed out, the evidence from (-decay spectra 
gives us |g,/9,1= 50. With this we find 


(4) o,> 0.025, 


while the experiment shows that the branching ratio is of the order of 10-5. 

This calculation supports the conclusion that the pion decay is not con- 
sistent with the scheme of a « Universal» weak interaction, at least if we 
retain the ST coupling. In fact we have answered one of the objections which 
might be raised against the result (4): its possible strong cut-off dependence. 

It is therefore difficult to see how one could avoid giving up the idea of 
Universal Fermi Interaction: in particular, it does not seem possible to explain 
the strong preference of the pion for decaying into x instead of e with the 
only aid either of a particular selection rule, or of the mass difference between 
muon and electron (*). An attempt could be made to investigate whether 
an unconventional order of the y’s in the expression of the pnuv interaction 
might save the possibility of a quadrilinear universal interaction (5); the 


(5) S. B. TREIMAN and H. W. Wy.p: Phys. Rev., 101, 1552 (1956). 
(4) B. TOUSCHEK: private communication. 
(5) G. MorPURGO: Nuovo Cimento, 5, 1159 (1957). 
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consequences of such a rearrangement, however, are not so immediate, and 
the present stage of uncertainty about the values of the f-constants does not 
allow us to draw any definite conclusions on the subject. 

In order to conclude, we would like to point out that in our calculation 
the cut-off procedure has been achieved (according to FEYNMAN: Phys. Rev., 
76, 769 (1949)) by multiplying the integrals on the 4-momentum p of the 
virtual nucleon by a convergence factor K?/(p?-+ 2). We have set K =7M,in 
in order to deal with a pure number. 


The values of 7 and o’ in function of 7 are (6) 


LE est VA , 1+7T—1[27/(7? — 1)] log 7? 
Era (@—1) PS ta(log 1; Car TI qr dogg? i) e 


We thank Prof. G. MORPURGO and Prof. B. ToUscHEK for constant advice 
and helpful discussion. 


(6) If we treat the problem with the usual procedure of the perturbative method, 
the cut-off procedure is different. The upper limit of an integral on the 3-momentum 
of the virtual nucleon is to be put equal to TM. The final conclusions are quite the 
same: the t-dependence of n, 9’, is, however, different, and becomes the same only 


asymptotically (7 > co). We have: 


—— t 1 t/V1+ 7) 
= log [r+ V1+7] Vee Qi = eee 


We would like to point out that the energy and angular distributions for the electron, 
which are given in Eaucut’s and CasseLs’ works, refer to the «extreme asymptotic » 
case (log 7 > 1, o/ = 0) apart from a multiplicative factor. The general energy distrib- 
ution for an arbitrary cut-off is much more complicated, but the curve has always 
the same shape. 


RIASSUNTO (*) 


Si calcola la probabilità del processo 7 +-e+v+y con un procedimento di taglio. 
Si dimostra che per accoppiamento ST il rapporto (x >e+yv+y)/(m7>u+y) è pratica- 
mente indipendente dal parametro di taglio. 


(*) Traduzione a cura della Redazione. 
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LETTERE ALLA REDAZIONE 


{La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dulla Direzione del periodico ai singoli autori) 


The External Magnetic Field of the Earth. 


A. BEISER 


Department of Physics, New York University, University Heights, 
New York, NY. 


(ricevuto il 7 Gennaio 1958) 


Recently it has been discovered (1) 
that the equivalent geomagnetie dipole 
required to account for the latitude 
variation in cosmic-ray neutron intensity 
is different from the equivalent dipole 
derived from surface observations. The 
cosmic-ray data indicate that the dipole 
component in the equatorial plane, as 
seen by a charged particle incident upon 
the earth from a distant source, is ap- 
proximately 45° west of the equatorial 
component obtained from the harmonic 
analysis of the surface magnetic field. 
While not too much is known about the 
properties of interplanetary matter, there 
is little doubt that it is a fairly good 
conductor of electricity, and therefore 
it seems reasonable to suppose that the 
origin for the above discrepancy is to 
be found in magnetic fields set up in 
this matter by currents there that are 
induced by the rotation of the geo- 
magnetic equatorial dipole. 

In the system of co-ordinates we shall 
use in treating this problem a magnetic 
dipole of moment M is at the origin, 
and rotates about the z-axis with the 


(1) J. A. SIMPSON, K. B. Fenton, J. KATZMAN 
«and D. C. Rose: Phys. Rev., 102, 1648 (1956). 


angular velocity w corresponding to the 
rotation of the earth. M has the com- 
ponents 


M,= M cosy 
(1) M,, = M sin y 

Wilh (Ore 
where g is the angle between M and 
the x-axis, and w=o,. The vector 


potential A at the point (x,y,z) due 
to M is 


and since g=wt, it is a function of time. 
This varying potential gives rise to an 
electric field 


in the interplanetary matter, and con- 
sequently to a current density J given by 


(3) JE 
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where o is the conductivity. J has the 
components 


ow Mz cos p 


di 
y 
ow Mz sin o 
(4) J, = — or 
x 
7 ow M(y sin g + x cos g) 


> 


z 75 


and evidently corresponds to current 
loops lying in planes parallel to the 
moving plane containing both M and 
the ¢-axis. 

Owing to the physical state of the 
interplanetary matter spontaneous cur- 
rents and associated magnetic fields may 
be expected to exist in it which, beyond 
some mean distance R from the earth, 
dominate the field of M. We must 
therefore consider J to be contained 
within a spherical shell whose inner 
radius FR, is that of the earth and whose 
outer radius À we shall leave unspecified 
for the moment. 

The dipole moment M of the cur- 
rents J is 


Il 
(5) Mia 3 (rxJar, 


where the volume integral is to be 
taken over the spherical shell of the 
preceding paragraph. The induced di- 
pole M turns out to have the com- 
ponents 


Mi = 3 100 
2 


5 IT 
-M(R? — R,) cos lv 3) 


a 
(6) Wi = ui 


y 


Mi=0. 


11 - Il Nuovo Cimento. 
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Comparing this result with Eq. (1) we 
see that the magnetic field induced in 
interplanetary matter by the rotating 
equatorial dipole M is equivalent to 
that of a dipole of moment 


rotating in the same plane and about 
the same axis as M but displaced by 90° 
behind it. Hence this analysis provides 
an explanation for the difference between 
the cosmic-ray and surface-field equa- 
torial dipoles, since the net equatorial 
field influencing the motion of cosmic-ray 
primaries in the vicinity of the earth is 
that of M+ Mi beyond R. The field of 
M4+Mi is an angle 


behind (i.e. to westward) of M. The 
experimental observation (1) that 0 = 45° 
means that M*~ M. 

The resultant equivalent dipoie re- 
presenting the external magnetic field of 
the earth, consisting of M+M'?+M,,;xi, 
should be tilted by several degrees farther 
from the rotational axis thanM +M,,;ja 
as well as being displaced westward. It 
seems likely that the small but definite 
discrepancies between the locations of 
the auroral maximum zones and those 
predicted on the basis of the surface-field 
dipole and between the actual positions 
of auroral corona radiation points and 
the surface-field magnetic zenith are due 
to M. Certain anomalies in the pro- 
pagation of radio whistlers may also 
result from the presence of M. (A de- 
tailed consideration of these effects is in 
preparation.) 

From the point of view of hydro- 
magnetic theory, we can regard the inter- 
planetary matter as exerting a kind of 


162 


viscous drag on the lines of force of M 
which causes them to lag behind their 
normal position with respect to M. The 
work that must be done in overcoming 
this drag is at the expense of the rota- 
tional kinetic energy of the earth, and 
appears as Joule heat. In order to 
evaluate the power needed to maintain 
the rotation of M, we begin by com- 
puting the energy W in the magnetic 
field H' outside of the earth due to M'. 
This is 


Mi 
OR 


As we have found, Mi= M, while M, the 
equatorial component of the equivalent 
geomagnetic dipole, is 1.59-1025 G em; 
hence W= 3.26-10% ergs. The time 7 
required for the free decay of a mag- 
netic field in a region whose linear di- 
mensions are of order L and whose con- 
ductivity is o is 


ta 4noL?. 


(10) 


Upon setting 0—45° in Eq. (8) we have 
(11) 


so that the magnetic field of M? decays 
with a time scale approximately that 
involved in the rotation of the earth. 

If now we suppose that the magnetic 
energy W must be replenished per radian 
of the earth’s rotation, the power re- 
quired amounts to 2.38-10!9 erg/s. This 
is slightly over twice the mean rate of 
energy dissipation resulting from tidal 
friction in the ocean basins. (Of course, 


A. BEISER 


the above figure is subject to a good deal 
of uncertainty, perhaps as much as an 
order of magnitude either way.) It is. 
therefore possible that the maintenance 
of M may account for at least part of 
the discrepancy between the observed 
rate of lengthening of the day and the 
contribution of tidal friction to it. 
Thus far it has not been necessary 
to evaluate either o or R explicitly. The 
relation between them is given by 
Eq. (11). Ii R~10R,, which means: 
that a field strength of 10-*G due to 
M is the least that is effective in in- 
ducing J in interplanetary space, o — 
10-16 emu. Ii R>10R,, o is even 
lower. But the smallest plausible con- 
ductivity for cosmic matter that we can 
arrive at by orthodox means is 
= 1075 emu. However, it should be- 
pointed out that Eq. (3) is valid in a 
plasma such as interplanetary matter 
only when the plasma is in a steady-state 
condition with its constituent ions having 
a vanishing mean velocity and in the 
absence of a gravitational potential. 
These conditions obviously do not obtain 
here, with the consequence that Eq. (3) 
may be employed as it is only by ab- 
sorbing into the quantity o a variety 
of effects not included in the usual ex-- 
pression for conductivity. An effective 
conductivity of 10-15 emu or less there- 
fore does not seem unreasonable, and in 
fact estimates of its magnitude obtained 
in indirect ways such as this may con- 
tribute to an understanding of the pro- 
perties of interplanetary matter. 


* * * 


I am indebted to Professor $. A. 
KorrF for helpful discussions. This work 
was supported by the joint program of 
the U.S. Atomic Energy Commission 
and the U.S. Office of Naval Research.. 
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IL NUOVO CIMENTO Vota VALLE ISIE il 1° Aprile 1958 


Circular Polarization of Bremsstrahlung 
from High Energy Electrons with Arbitrary Polarization. 


C. FronspaL and H. ÜBERALL 


CERN - Geneva, Switzerland 


(ricevuto il 13 Gennaio 1958) 


In view of the recently discovered possibilities of producing polarized electrons 
in parity violating weak interactions—§-decay (1:2) and u-meson decay (*)—circular 
polarization of bremsstrahlung becomes of interest as a means for detecting the 
polarization of such electrons (?*). This electron polarization may not be entirely 
longitudinal (#5). In the following, the bremsstrahlung circular polarization is 
indeed found to be sensitive to transverse electron polarization; thus at high energies 
E, > me?, where Coulomb scattering is no longer feasible, it offers another pos- 
sibility for detecting transverse electron spins. 

Born approximation calculations of circularly polarized bremsstrahlung were 
performed by McVoy and Dyson (°) for longitudinally polarized electrons and for- 
ward emission of radiation, and by CLAESSON (7) who obtained the differential cross- 
section. We derived the Born approximation differential cross-section and performed 
a summation over final electron spins and integration over final electron momenta, 
with a result feasible for experimental application. The following general results 


were found: 
1) Bremsstrahlung is both linearly and circularly polarized. 


2) The linear polarization is independent of any polarization of the initial 
electron. 


3) Cireular polarization occurs only for polarized initial electrons. 


(1) H. FRAUENFELDER, R. BOBONE, E. VON GoELER, N. LEVINE, H. R. LEWIS, R. N. PrA- 
cock, A. Rossi and G. PASQUALI: Phys. Rev., 106, 386 (1957). 

(2) M. GOLDHABER, L. GRODZINS and A. W. SUNYAR: Phys. Rev., 106, 826 (1957). 

(8) G. CuLLIGAN, S. G. F. FRANK, J. R. Hout, J. C. KLUYVER and T. MASSAM: Nature, 180, 


751 (1957). 9 
G) G. GwôrGyI and H. UBERALL: Nuclear Physics, 5, 405 (1958). 


(5) H. UBERALL: Nuovo Cimento, 6, 376 (1957); T. KINOSHITA and A. SIRLIN: Phys. Rev., 


108, 844 (1957). 
(5) K. W. Mc Voy: Phys. Rev., 106, 828 (1957); K. W. Mc Voy and F. J. Dyson: Phys. Rev., 


106, 1360 (1957). 
(7) A. CLAESSON: Ark. f. Hys., 12, 569 (1957). 
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4) If this circular polarization is not observed, the radiation has the same 
angular distribution and spectrum as that from unpolarized electrons. 


The cross-section after summation of final electron variables and neglect of 
terms of order m/H,, m/E,, is found to be 


(1) oc=30;+300,, 


where o, is the cross-section given by SCHIFF (8): 


dy, Ze da dy, f1+(1—a)?{. (1+ U2)? | 
a, U) da — = = = NO CUES 3 1 
ee Stee 2a | A+ 0? 


may 12)? 
lo Pa nr pote = | mae ear Wye uh À 


and o, is the circular polarized part: 


1 2 
(3) a(x, U, i) de du SY = © oa dy, |. aL x aml + U?) ] 
27 2x | U2)2 È 
ca 20? In (1+ Sal — 20 D U4 2a 
eta | 0 
: IL = ae (1 + U2)? | 
+ sin 0 cos y, 2 ato U(1 0) [i sis RER" l 


ò= +1 (— 1) for right (left) circular polarization, x is the energy of the quantum 
divided by the initial electron energy, e, the initial electron energy in units me?, 
U—0,6,, 0, the angle between the momenta of initial electron and quantum, 0 the 
angle between electron spin (in its rest system (°)) and electron momentum, y, 
the azimuth between the planes formed by electron spin-electron momentum and 
quantum momentum-electron momentum, and 


= Zs (e 1 ha 4 ae 
IF JA 2e 1 —x (EE Na 


The circular polarization is given by 


(4) 12 = Wal o 
It has the following properties: 


1) for longitudinally polarized electrons (0—0), P, depends essentially on 
x(2 — x) and goes from zero at x=0 to one at x=1; 


DRAP SOnimm: Phys. Rev, 88, 252) (1951). 
) H. A. TOLHOEK and S. R. DE GrooT: Physica, 17, 1 (1951). 
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2) for transversely polarized electrons (9=7/2), P, is proportional to 


a) cosy,; thus P, vanishes if the emission direction is perpendicular to 
the electron spin; 


b) x(1— x); P, goes from zero at x=0 through a maximum to zero at a=1; 


ce) U(1 — U?)(1 + U?)~; thus it is zero for forward emission (U=0) and 
changes sign at U=1. 


These results may be important for a determination of the transverse electron 
polarization from p-meson decay. For f-decay electrons, which possess energies 
comparable to mc?, the formulas cannot be used. An integration over the exact 
differential spectrum is being performed and will be published elsewhere. 


1093 


IL NUOVO CIMENTO Wo VILLE NE dl 1° Aprile 1958 


About High Energy Interactions in Nuclear Emulsions. 


P. Crox, T. CocHEN, J. GIERULA, R. HoryNSKI, A. JURAK, 
M. Mresowicz, T. SANIEWSKA, O. STANISZ 


Cosmic Ray Department, Institute of Nuclear Research 
Warszawa and Krak6w, Poland 


and 


J. PERNEGR 


Institute for Physics of Czechoslovac Academy of Science 
Praha, Ozechoslovakia 


(ricevuto l’8 Febbraio 1958) 


36 plates of the I-stack, which was exposed in the Po-Valley expedition in 
1955, were scanned for photon-electron cascades to find interactions of the highest 
energy. The plates were also area scanned for jets of lower energy (in both scannings 
N,<5, n,> 6). Measurements were made of the angular distribution (0,) of rela- 
tivistic tracks. The energy y, of the colliding nucleons in the center of mass system 
was determined for every jet (log y,= log ctg 07) (1). 

The jets were divided into three groups: 


I) 90° M28 (1.5:108 > H > 102 eV) 
II) 23° Sy CD ( 1012 > E > 101 eV) 
III) RE O ( 1011 > H > 10! eV) 


(E= 22 — 1) 


For each group the integral angular distribution is shown in Fig. 1 and 2 in co- 
ordinates of log F(0)/(1— F(@)) versus log y, tg 0, (23), where 7(0) is the fraction 
of tracks with an angle less than 0 with the jet axis. In these co-ordinates the iso- 
tropic distribution in center of mass system is represented as a line of slope 2 and 
the extreme anisotropic distribution of HEISENBERG (4), as a line of slope 1. 


(1) C. CASTAGNOLI, G. CORTINI, D. MORENO, C. FRANZINETTI and A. MANFREDINI: Nuovo 
Cimento, 10, 1539 (1958). 
(3) N. M. DULLER and W. D. WALKER: Phys. Rev., 9, 215 (1954). 
(*) G. BERTOLINO and PD. PESCETTI: Nuovo Cimento, 12, 630 (1954). 
(4) K. SYMANZIK: in Kosmische Strahlung 2-nd ed. (W. Heisenberg ed., 1953), p. 561. 


1094 


ABOUT HIGH ENERGY INTERACTIONS IN NUCLEAR EMULSIONS 167 


It is seen that the anisotropy in the center of mass system increases with the 
collision energy. Since the differential angular distribution predicted by the theories 


Fig. 1. — Integral angular distributions for jets of Fig. 2. — Integral angular distribution for 
groups III and II. Group II consists of 32 jets jets of group I. It includes 11 jets with a 
with a total number of 470 tracks, group III con- total number of 138 tracks. 


sists of 35 jets with a total number of 345 tracks. 


of Heisenberg and Landau may be approximated well by Gaussian curves (°), we 
therefore made such a comparison for our experimental material. The dispersion o 
of this distribution is a measure of the degree of anisotropy (c=0.36 corresponds 
to isotropy and oc=0.7 to the extreme anisotropy of 
HEISENBERG). For group III we find or —0.46, for 
group II on=0.56 (Fig. 3 and 4). For group I o,=0.55, 
but the histogram obtained shows a significant 
deviation from the Gaussian curve (Fig. 5), (a 7? 
test gives a significant deviation on the 95% level). 


Fig. 3. — Differential angular distribution for jets of group III. 
The continuous curve represents the best fit of a Gaussian curve =O 1 
to the experimental data with o= 0.46. logy. tg 8, 


(®) L. v. LINDERN: Nuovo Cimento, 5, 491 (1957). 
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If we could regard the distribution for group III and II as being in agreement 
with the curves predicted by the theories of Heisenberg and Landau (°), then we 
would observe a significant deviation for energies higher than 10!° eV (group De 
The characteristic feature of this distribution is the scarcity of the tracks near the 
1/2 center of mass angle. 


one track 
EG] 1 -1 1 
logy, tq 9, log y, to 6, 
Fig. 4.— Differential angular distribution for Fig. 5. — Differential angular distribution for 
jets of group II. The continuous curve repre- jets of group I. The continuous curve repre- 
sents the best fit of a Gaussian curve to the sents a best fit of a Gaussian curve to the 
experimental data with o= 0.56. experimental data with o= 0.55. 


On the other hand an analysis of the results obtained may be attempted on the 
basis of the «excited nucleons » model (?-?) in which the nucleons emit mesons 
independently. The results of measurements of the 
angular distributions for two cones taken separa- 
tely, presented in Fig. 6 as the integral distribut- 
ions for three jets with well separated cones are 
not in contradiction with isotropic emission from 
4 two independent centres. As a consequence of the 
| principle of the conservation of energy and the 
well-established experimental fact of the approx- 
imate constancy of the transverse momentum (19:11) 
(Pr & 0.5 GeV/c), we obtain for y, i.e. the y-value 
of the radiating centres in the center of mass 


a 

® 

20 Pr & 
O 


OW} 


10 
logi}, 19 8, ) 


Fig. 6. — Integral angular distribution for diffuse and narrow 

cones treated separately as independent jets. Used here, are 

à the jets: « S »-star (!*), our recently described jet No 115 (18) 

and jet No 155 from group I of our statistical material. 
O narrow cones, A diffuse cones. 


(9) G. BozOKI, E. FENYVES and E. GomBosI: preprint. 

(7) H. W. Lewis, J. R. OPPENHEIMER and S. A. WOUTHUYSEN: Phys. Rev., 73, 127 (1948). 

(8) S. TAKAGI: Progr. T'heor. Phys., 7, 123 (1952). 

(9) W. L. KRAUSHAAR and L. J. MARKS: Phys. Rev., 98, 326 (1954). 

(1°) S. HAYAKAWA: Proc. of the VII Rochester Conference (1957), Session XI, p. 3. 

(4) B. EDWARDS, J. Losty, D. H. PERKINS, K. PINKAU and J. REYNOLDS: preprint. We are 
very much indebted to Dr. PERKINS for sending us the preprint before publication. 

(1?) M. SOHEIN, R. G. GLASSER and D. M.HASKIN: Nuovo Cimento, 2, 647 (1955). 

(#) P. Crok, M. Danysz, J. GIERULA, A. JURAK, M. MirsowIoz, J. PERNEGR, J. VRANA 
and W. WoLrER: Nuovo Cimento, 6, 1409 (1957). 
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system the relation: 
(1) 1.57, y = 2k My, , 
where Æ, denotes the meson energy in the system of the emitting centre (E= 0.5 GeV). 
K is the inelasticity coefficient and M the nucleon rest mass. (In general y is much 


smaller than y,). This formula is analogous to the formula for the cosee 6.,, given 
by the Bristol Group (1). 


F 
tog 77È 


Jet N°155  0+93p| 
Ye 247 y=21 42 


Jet N25 0+140 
Yc 3420 Y=40 _5 


Fig. 7. — Integral angular distributions for jets from Fig. 6. The continuous curves represent the- 
distributions predicted by the model under discussion, y and y, being taken from the angular 
dstribution. © experimental points. 


Fig. 7 shows the integral angular distributions for three jets of the highest 
energy obtained on the basis of the two-centre model. The y (given in the figures) 
were determined from the angular distributions and are in agreement within the 
limits of error of A and y», with the values obtained by means of formula (1). The 
angular distributions in groups III and II can be roughly described in the same 
way by assuming Vu & 1.3 and yy ~ 1.5. As may be seen, the model under con- 
sideration gives a consistent description of the observed experimental facts. 


7K OK cK 


The authors wish to thank Professor M. Danysz for valuable discussions and. 
Dr. P. ZIELINSKI for his comments on the statistical analysis of the experimental. 
material. 
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On the Convergence of Perturbative Expansions. 


A. BuccAFURRI and E. R. CAIANIELLO 


Istituto di Fisica Teorica dell’ Università - Napoli 
Scuola di Perfezionamento in Fisica Teorica e Nucleare del C.N.R.N. 


(ricevuto il 21 Febbraio 1958) 


It was shown (!) that, when the space-time volume £ of integration is taken 
finite and the free fermion and boson propagators S7(x, y) and D”(x, y) (in our no- 
tation, (xy) and [xy]) are bounded, in modulus, by finite quantities through some 
-cut-off procedures, the perturbative expansions of the propagation kernels Ky, p, (?) 
of electrodynamics and similar theories are convergent, with a finite radius of 
convergence. YENNIE (3) has further proved that, in the particular case in which 
the limitation of S?(x,y) is obtained by allowing only a finite number of modes to 
the free fermion field (already considered in ref. (!)), such perturbative expansions 
have an infinite radius of convergence, i.e. are holomorphic functions of the coupling 
constant À in the whole plane (upon division by the vacuum-vacuum transition 
amplitude Ay, which is also holomorphic, the situation is thus similar to that oc- 
curring in the classical Fredholm theory; the radius of convergence of this ratio 
is expected to be finite). This result seems to us very relevant, both because it 
gives a final answer in all those cases in which the conditions which « regularize » 
the theory are inherent in the theory itself (field-theoretic models, problems of solid 
state physics, ete.), and because the extant field theories can, conceivably, be studied 
by analysing the behavior of the holomorphic kernels in the limit when these con- 
ditions are removed. 

We think it appropriate, therefore, to offer a proof of Yennie’s result which 
shows as clearly the mathematical reason of the holomorphy, and seems better suited 
to deeper inyestigations of this subject. 

Assume that the free fermion field has only / modes for particles (and as many 


for antiparticles); let |(xy)| < M. Consider the determinant È ad 


1... SN 


| formed with 


(1) Nuovo Cimento, 3, 223 (1956). 
(*) For references and notation, see Nuovo Cimento, 11, 492 (1954). 
(*) D. R. YENNIE and S. GARTENHAUS: Nuovo Cimento, this issue. 
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the free propagators (£,é,)((£,é,)=0). The following expansion theorem holds (4): 


0 0 
à 2. 
; (Groce Sa » {om on En" = Gar Casa «2 Say 
ar) E E % > i) E E 0 0 i 
Ss . N =0 à af .. et e ad 
Ò n) Os DAG Ae E, + Ski E 441 SN 
where: r+s= A, A any fixed number >F; 


aN ae hi; hi<hi<..<h, are any permutation I, of 1,2... N 
(row indices), and ki <k,<...<k,.3 ki<kj<...<k, any permut- 
ation JT, of 1, 2... N (column indices); 


p is the parity of //, with respect to /7,, and Dos for fixed s, the sum 


7 
8 


A\? 
over all such TT and Lie: 


the last determinants are expanded with the rule: 


If £,É,...Éy are temporally ordered so that (&))> (&))>-.- > (Ew), then it is tri- 
vially seen from the expansion of (£,é,) in free-particle wave functions (5) that all 
terms at r.h.s. of (1) vanish for s> F+1 (physically, this is the exclusion principle). 
We can, therefore, replace in the first sum of (1) A with F. 

For the sake of simplicity, we restrict our proof to the case of purely fermionic 
kernels Hy 9, taken with all external time-variables fitted to describe processes in 
which no antiparticles are involved (°). This is, of course, no limitation of generality, 
and serves only to make simpler the application of theorem (1) to the expansion 


TFin. tana 


Ao yn ets Gye) de 
(2) Ky,. Mb i a ja. CORZE a Wee On iS a0 Con È 


n=0 E. Sona Yio Yw, 


Tin.) V:Tin. ‘ 


Q': x es 1) Pe n > “= ni 4 
Since |[£,€:]|< 2, a majorant of Ky, is given by: 


on Sa wow UO 


(3) Kyo |< > AP 2"4"(2n — 1)!1 0" 


ig 
J 
10° Tan Yr e Yi. > ben | Max. 


Fin. rest 


oo 2? n 1 E .%x | 
T9) © ; + N 
dt, dt, an. = È | .—.V2nT2n46n]n È 0 k 
nao \2/ nl Sie Yno/t,> >tan | Max 


(*) This is the classical theorem of Arnaldi, in our notation. We shall return on it in a sub- 
sequent paper. 

(5) Ref. (2), rel. (13). 

(9) Ref. (7), Sect. 2°3. 
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From (1) and from Hadamard’s inequality it follows 


A 


81 


2 
[20 RE ata" | (A — s,)#4- = (4, x») 


ie ... By, 
(o sie YN, > + ton 


Max. 
0 0 
F A\2 rg È Ex x 
a eee Cp” Satis. San Ly oe L 
= Dy <> Mé-4(7) (a agi | | PT iD eee = 
eh 8 SO. E 
! Sky eee Ski, Sat ces San Yi vee Yno/ >. > ton) | Max. 
F 
NI 
= » OA, 81)Ds,.w-A4 ° 
3, =0 


Apply the same procedure to the first A rows and columns of D, y_4 (which we 
can do, because we find elements either < M or = 0, so that in any case Hada- 
mard’s inequality holds): 


mo re 
3 ~ 


2A—s,t+1 °° YNy/ > … > ton) 


and, by iteration: 


++ Spar ° 


0...F 
Dy < > OA aC (As Sp) D,.w—pa+ 5,4 st. 
SE 


Sp 


The iteration will stop for values of p such that: 


p 
(5) 0<Ys+N—-pA<A4. 


i=1 


p 
Since > s<pF, the p’s cannot be greater than N/(A — F). The last surviving 
i=1 Y 


determinants can be treated again with Hadamard’s inequality, so that 


Dy< 2 0 (4,8)... 0 (A, 5) 2 Mi 


81: Sp tat 


Dp Dp 
0...7 x s,+ a D j aise »-4) 
t=1 


and «a fortiori »: 


SI si 4\2]P 
Dy" Ase > | (A — s)24-9)| < MN AAI2 [40 > | | | < 
s=0 s 


s=0 \S 


EN (EA 22 A\ |?” 
< MY Apr DI 2)A > < seratorsine| S | ) — MY A+ DI2)A DATZIA 
s=0 \8 


s=0 \S 
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OT: 


(6) D? = AA4?[M(24A)(A/%4-)]N È 


It follows then, by substitution into (3), that Hy,» is majorated by a series which, 
from a given term on, behaves like an exponential series, and has therefore an 
infinite radius of convergence. 

It may be relevant to point out that, with this procedure, and of course under 
the same regularizing assumptions, also all perturbative expansions relative to 
Fermi-type couplings are shown to have an infinite radius of convergence. 


* OK OK 


We thank with pleasure Dr. D. R. YENNIE for kindly communicating his result 
to us previous to publication, and for interesting discussions on this subject. 
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IL NUOVO CIMENTO Wows VIII INS Ih... 1° Aprile 1958 


On a Method of Covariant Quantization. 


V. NARDI 


Istituto di Fisica dell’ Università - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 21 Febbraio 1958) 


1. — For the case of interacting fields (nucleons with neutral scalar mesons). 
with a non-local type interaction, the generalized Poisson brackets, defined by 
R. E. PEIERLS (1) have been evaluated for the in- and out-fields some time ago (?). 

For {p"(y), p"(æ)} = {p°" 4), p(w} and the similar for pout(«), yost(x) the values 
A(y — x), ete., have been found. These results were possible only with the very 
extraordinary assumption that all the operators w(x), w(x), g(a) of the Fermi and 
of the Bose fields are commuting quantities. Therefore the Peierls covariant rules 
of quantization [g!"(y), p™(x)]_ = ih{y'™(y), g'(x)}, ete. seem, in this way, to be an 
inconsistent method in the Yang and Feldman formalism. In this note we (*) will 
show, without such unusual assumptions about the field operators, that it is pos- 
sible to obtain for the generalized Poisson brackets of the in- and out-fields, the values 
A(æ — y) ete., so that the covariant quantization rules appear to be consistent and 
give, obviously, the results of the canonical method. In order to obtain in a simple 
fashion the matrix element for scattering in a closed form S. S. ScHwEBER (4) has 
calculated the commutation relation 


[P"(Y), p(x) ]_ - 


With the covariant rules of quantization one obtains, easily, identical results. 
2. — The equations of motion for the Heisenberg operator of our system, are (5): 


(iN + m)y(r) = — Gy(x)p(x) , 
(1) 10,p(x)y, + my(x) = — Gy(x)o(x) , 
D+ pe) = —J(a). 


(*) R. E. PEIERLS: Proc. Roy. Soc., 214, 143 (1952). 

(2) P. GULMANELLI: Nuovo Cimento, 10, 1582 (1953). 

(*) We consider here only a local type interaction. A non-local type interaction, in any case not: 
advisable (see the work of G. E. C. STURCKELBERG and WANDERS: le. Phys. Acta, 27, 667 
(1954)) complicates only the formal expression. We have seen, with a general form factor, that 
the result is the same as that obtained with a local type interaction. 

(4) S. S. SCHWEBER: Nuono Cimento, 2, 397 (1955). 

(5) Using a symmetrized interaction term 4[.J(x), @(x)]- one obtains the same results. 
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The incoming and outgoing fields are defined by: 


| pa) = qout(æ) — fase — #,)J (x,)dx, , 

(2) i p(x) — pout (a :) + fs, 2X St) 1) P(@1) p(w) da, > 
| y 
| (e) = pout(cr) a 6 vere Se — x)da, . 


Adding to the action integral the operator ZA = 7g(y), where 2 is an infinitesimal 
parameter, the equations of motion are changed. If B is a solution of (1) or a 
function of these solutions, and B' the changed operator, written as B'= B+2D,B 
(or B'= B+0 ,B) to the first order in À, we obtain the «retarded » variations: 


| De Dom (x) = Axa — y) fax — &4)Doy J (4) dx, , 
(3) 1 Den va) = Ste — 24) Dol p(x ,)p(4,) 14x, , 
| 2 Don P(E EU (t)p(æ1)S4(a, — x) dar, , 


uniquely determined from the conditions D,B +0 ast +— oo, and the « advanced » 
variations: 


(4) | tu PE) == iN (Ge [Bale nat elio, Gio; 


uniquely determined from the condition 7, B +0 ast-++ co. We have to evaluate 
the generalized Poisson brackets defined by 


(5) {4, B} = D,B—d,B, 


with A = q@'(y) and B= px). 
From the modified equation (1) using (2),, (3),. (4); and the general property 


(a) {A, B+C} = {A, B} + {4,0}, 


it follows that: 


Dong (a) = Axle—y), Tono (2) = A,(x — y) [a 04) Cl gent (1) at, to 


where A(x) = A,(x) — A,(a). 
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Still using (2), and the property 


(b) (ALIBI = A 0) NB O0 


(6) {pin(y), p(x) }— A(y — x) = ac — 0 )C py I (4) day + 


+ [ant — y!) Dre) — A yy pi (aw) dy’. 


It is easy to see that the right-hand side of (6) is identically zero. We obtain from 
the changed equations of motions, with A = J(y), the following « advanced » va- 
riations: 


Oh oy AD) = os — %1)E y] (x) de, , 


(7) Cd, p(x) = — GS (x — y) ly) + as ale — 24) jy [p(y )p(2) da, , 


+ 


d, y 4 (6) = — Gyly )S (ya) G | Canteen )p(a SE (ay — x)dx,, 


and the analogous «retarded » variations. 
From (2), and (7),, it results that: 


C yyy P(x) ci fai — n) J (a) dx, , 


and analogously: 


Dron) = (We 


If we make the iterative expansion in powers of the coupling constants G, of the 
two addends on the r.h.s. of (6), we obtain for the first addend, using (4) and the 
property of general validity (°) 


(e) uo NAME ON IP ARC 


(9) [a — 4) pas) A (2, — Y)Sp(@_ — 23) (21) + 
+ y (1). (1 — 29) (22) A (0, — y)] dx, dx, + G... 


(5) We recall that on the contrary, the properties 
(a) {AB,C}= {4,0} B+4 {B,C}, 
(e) {4,B}=~{B,4} 


have not a general validity. For quantum operators, 4 and B, and C, one must determine their 
validity case by case. 
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4 


For the second addend using (8) and then (7), we obtain: 


(10) = GET — Y)A(x — aL y(y')Sx(y — ay) y(x,) + 

+ w(2,)S (x, — y')y(y')]dy'dx, + G.... 
With the change of notation y, and using the property 
(11) A,(x) = Au), 


the first term of one expansion is equal to the negative of the first term of the other. 

Further, we can easily see that if (except for the sign) the n-order term of (9) 
is equal to the n-order term (10), then also the higher order terms of (9) and (10) 
are equal. In fact, in (9) one obtains terms of order n+1 from the n-order term 
by the substitutions 


mare P(Fn+1) Ag (Endy rus Y)S nni LE Ln )P(Ln)S r (ln — Xn -1) srl 


ver Pan) A (En — Y)S p(y — Cn) PV) see > oe — Aia = ee 


Lu) Aa (n+ — Y Srl — In) (er) + Den) San — nia) Aa (n+ — VE] 
etc., and in (10) by the substitutions 
Ar(Y — 9") + PY')Sr(9 — Ln-1) ce > Aly — 9) (YES — Dye) oes 
Any — 9") + WY)Sx(Y— wn-1) Pn) > Agly — 9!) … pas) A (Gp —2,)- 
TRY SRY" Wn) (Gn) + pr) Salm — y'}w(y')] … 
etc. These latter substitutions, with the change y'—x, and y +, and for the pro- 


perty (11) coincide with the previous substitutions. The r.h.s. of (6) is therefore 
zero; by means of (8) and (2), it assumes the form: 


[oe — 2) gin J (21) da 
and we have 


(12) OL tay =O E 


0) 
Proceeding in a completely analogous way, we find that: 
{0° (y), w"(0)} = {w"(4), p(w} = 0, pu), y™(a)} = — S(y — x), 
and the same for the outgoing fields. 
(7) For a classical quantity the validity of (12) follows, by definition, from the (8). 


12 - Il Nuovo Cimento. 
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It is possible to affirm that the covariant quantization rules give the correct 
results for the incoming and outgoing fields. One also obtains correct results for 
the case of pseudoscalar-meson with direct or derivative couplings. 


3. In a similar way to the previous case, we evaluate: 
{P"(4), px) - 
Using the relations, corresponding to the expressions (8), 
Cima) = 0, 
Dye" (x) = | Ae — %)D y, F(a) dx, , 


and 


Dy (x)J (y) = 0 6 


obtained with the same iterative development used in order to obtain (12), we have: 


{p(y), p(x) } = Aly — 2) fan 


farsi — &)Aly — y')O(y’ — 22) ED 9 (ta) — À yo) (4,)] , 


where 
LE 105240 
da) = | 4, oO 
OF iss (he 


On the other hand for A = J(y) and B = y(x), p(x), g(x) it is easy to see with an 
iterative development of the type used above, that the property (e) is satisfied. 
The quantization covariant rules are therefore consistent and they give: 


Le(y), p(x) ]_ = i%cA(y — x) — fan fava — e) A(Yy —y')0(y'— 21) [J (y'), J (a,)] 


Moreover, because the property (e) is demonstrable also for A = g”*(x) and B = w(x), 
p(x), p(w), if one adds to (1), the renormalization terms a @?, bg? for scalar meson 
in order to remove the divergences due to the triangle and Square diagrams 
(or cp? for pseudo-scalar meson), the covariant quantization rules are still consistent 
and give, for pseudo-scalar meson, the same results obtained by ScHweBer. 
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IL NUOVO CIMENTO Vons WIE NG il 1° Aprile 1958 


Renormalization of Axial Vector Coupling. 


J. C. POLKINGHORNE 


Tait Institute, University of Edinburgh, Scotland 


(ricevuto il 4 Marzo 1958) 


FEYNMAN and GeLL-MANN (!) have recently proposed a universal Fermi-inter- 
action using V and A couplings. They point out that the effective coupling constant 
calculated from y-decay agrees with that calculated from the decay of 140 to a 
high degree and that this is rather surprising as the strong interactions present in 
the latter case would be expected to renormalize the effective coupling to a different 
value. They suggest that there may be a mechanism at work that prevents this, 
analogous to the mechanism in electrodynamics that ensures that all particles have 
the same renormalized charge. In fact this requires that the coupling should be 
through a current that is conserved by the strong interactions and they point out 
that such a current is available for the vector coupling, namely the isotopic-spin 
current, provided we also permit the x-meson field to participate in the four-field 
interaction. There remains the question of the axial vector coupling. 

In this note we wish to point out that a recent suggestion of SCHWINGER (à) 
enables one to construct an axial vector current that is conserved to the extent that 
one neglects the medium strong (3) K-meson interactions. 

SCHWINGER suggests that an isotopic scalar particle, o, exists which is a scalar 
in Lorentz-space. If the real mass of o is greater than twice the x-mass it is highly 
unstable and it will not have been seen. The existence of the o enables one to 
construct an axial vector boson current from cross-terms with the x and so to con- 
struct an axial vector current that is conserved. 

We shall consider first the nucleon-z-c system, and suppose the nucleons have 
bare mass mo, and that x and o have bare mass zero and the same very strong 
coupling to the nucleons. The interaction Lagrangian is therefore 


(1) gl Ny; tN: + NNo]. 


(1) R. P. FeynMAn and M. GELL-MANN; Phys. Rev., 109 193 (1958). 

(2) J. SCHWINGER: Ann. of Physics, 2, 407 (1957). 

(3) M. GELL-MANN: Phys. Rev., 106, 1296 (1957); J. SCHWINGER: loc. cit.; J. C. POLKINGHORNE: 
Nuovo Cimento, 6, 864 (1957). 
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It is then easily verified that the equations of motion lead to the equation 


2m° : 7 
(2) On |NysrutiN + 2m 0,0 — 204% 0 sv Our =0 “Ta 12,0. 


Thus we have constructed an axial vector isotopic current that is conserved. The 
extension to the case where all baryons interact with x and o is trivial. 

It is not possible to extend the current (2) to one conserved by the medium 
strong K-meson interactions unless the K-mesons are parity doublets. However, 
the greatest renormalization effects are presumably due to the x and o interactions 
and the current experimental value of 1.3 for the ratio of Gamow-Teller to Fermi 
couplings may represent the effects of K-meson renormalization on the axial vector 
current. 


Note added in proof. 


Dr. J. C. TayLor has pointed out that if the pion bare mass is zero and its 
coupling to baryons is pseudovector then it follows that 


= 1 
(3) Ou iN ysyytiN = Qui = 0. 


This is an expression of the invariance of ths equations for pseudovector coupling 
under the transformation m—-7+A, where A is a constant isotopic vector. This 
would seem to imply that the pion real mass would also be zero for this case, in 
the approximation of neglecting meson-meson interactions. 
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IL NUOVO CIMENTO 


Vois VIII. NO dI 


Jo Aprile 1958 


The Symmetry Properties of Fermi Dirac Fields. 


B. TOUSCHEK 


Istituto di Fisica e Scuola di Perfezionamento in Fisica Nucleare dell’ Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 18 Marzo 1958) 


A recent paper by GÜRSEY (1) and 
the proposal of a new universal theory 
by HEISENBERG and Pautt (2) have 
shed a new light on the symmetry 
properties of Fermi Dirac fields. In the 
present note we study the maximum 
symmetry attainable in a space formed 
by an n-fold Majorana (8) field. This 
manifold is defined by 


(1) ata) 
2{ Hips) 1 (22')} = doc din dla — x), 


where lp is the (g-number) Majorana 
spinor, + denotes the Hermitian Con- 
jugate, the indices è and k run from 
1 to n, op and o are spinor indices and 
x and x’ are space coordinates. The 
reality condition in (1) implies the use 
of the Majorana gauge 


(Delete SE 


yk = yf 
with * denoting complex conjugation 
andai 1) 253. 


) F. GURSRY: Nuovo Cimento, 7, 411 (1958). 
2) W. HEISENBERG and W. PAULI: preprint. 
) E. MAJORANA: Nuovo Cimento, 14, 171 


It can be shown that the most ge- 

neral linear canonical and proper trans- 
formation of the w’s must be of the form 
(3) u= exp [A + iSy;]w. 
Here we have supressed the indices 
i= 1,...n as well as the spinor indices. 
A and $S are real nxn matrices, A is 
antisymmetric, S is symmetric. It im- 
mediately follows from (3) that the full 
group of linear canonical and proper 
transformations has n? parameters. For 
n = 1 there is just one such parameter 
corresponding to the transformation 


(4) pu'= exp [iBys|u, 


introduced by TouscuEK (4). For n = 2 
one has a reducible group of 4 para- 
meters, which corresponds to the sym- 
metries introduced by PAULI (5), one of 
which is a gauge group of the type (4) the 
other is isomorphic to the unitary group 
in two dimensions. 

The full symmetry (3) in the case 
m= 1 and n= 2 does not allow the 
introduction of a mass operator. If it 


(4) B. ToUScHEK: Nuovo Cimento, 5, 754, 
1281 (1957). 


(8) W. PAULI: Nuovo Cimento, 6, 204 (1957). 
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is required that such a mass operator 
should exist the group (3) has to be 
limited by the following requirement. 
It is postulated that there exist a sym- 
metrical non singular (if all the masses 
are £ 0) nxn matrix X such that 


(5) M= py, + ey;) Xi, 


(with e an arbitrary number) is invariant 
under a subgroup of (8). This subgroup 
is then represented by all the matrices 
A and S which satisfy the commutation 
relations 

(6) [AZ == 08 HS AG = Oe 

It is easily seen that in the case n = 1 
this requirement eliminates the gauge 
transformation (4). In the case n = 2 
one remains with a single parameter 
group which is equivalent to the ordinary 
gauge group for a complex spinor, viz.: 


— 
N 
== 


y'= exp [ix]y . 


In the case n=4 the requirement (5) re- 
duces the number of available parameters 
to 6 and it can be shown that the resulting 
group is isomorphic to the group of 
rotations in a 4-dimensional euclidean 
space. If X2 ‘I i.e. im the case of 
mass degeneracy its simplest represent- 
ation is found with X = 1 which auto- 


B. TOUSCHEK 


matically gives S = 0 and A arbitrary. 
The transformations 


(8) p= el, 


are isomorphic to two commuting unitary 
groups in two dimensions, a result 
which holds quite generally for X?=1. If 
one of the two is identified with the iso- 
spin, the other bears the same relation to 
the conservation of the baryon number as 
the isospin group bears in relation to 
the conservation of charge. Invariance 
of a theory under (8) then has as a 
consequence the conservation of the 
quantum numbers 


(0) dde AU 


where J? measures the multiplicity of the 
isotopic spin and A? that of the baryon 
number. It can be shown that a z-meson 
of isotopic spin 1 must necessarily destroy 
the conservation of K?® — unless it is 
coupled to the baryon field by vector and 
tensor terms. Electromagnetic couplings 
on the other hand destroy both the 
symmetries J? and K?. 


I wish to thank Prof. Crt for help- 
ful discussions and suggestions. 
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LIBRI RICEVUTI E RECENSIONI 


B. T. Price, C. C. Horton and 
K. T. SPINNEY — Radiation Shield- 
ing (International Series of Mo- 


nographs on Nuclear Energy). 
Ed. Pergamon Press, London, 


pag. 1x +350, 60 s. 


La protezione dalle radiazioni, anche 
di elevata energia e di grande intensita, 
non costituisce un problema nuovo: essa 
è stata realizzata praticamente con la 
costruzione dei reattori nucleari, delle 
macchine acceleratrici, e dei laboratori 
per alte attività; soltanto ora però le 
conoscenze teoriche e pratiche accumu- 
late in questi anni appaiono nella lette- 
ratura in forma ordinata e completa. 

Questo volume, scritto da scienziati 
del Laboratorio Atomico di Harwell, rac- 
coglie infatti sia gli aspetti scientifici che 
quelli pratici della progettazione di scher- 
mi contro le radiazioni; pur dando mag- 
gior risalto ai primi, che formano una 
solida base per la trattazione dei pro- 
blemi più complessi, gli autori non pos- 
sono ignorare i secondi, che mettono in 
luce certi accorgimenti di dettaglio senza 
i quali anche uno schermo calcolato con 
ogni precisione risulterebbe inefficace. 

La diversa natura delle radiazioni con 
le quali si può avere a che fare porta 
ad una spontanea suddivisione della ma- 
teria: a) attenuazione dei raggi gamma 
e degli elettroni veloci, 6) protezione 
contro i neutroni; ognuna di queste parti 
è basata su di uno studio preliminare 
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delle interazioni con la materia ed è 
accompagnata da grafici e tabelle che 
rendono possibile il calcolo effettivo. Gli 
aspetti più strettamente pratici e costrut- 
tivi della schermatura dei reattori e dei 
materiali radioattivi e le questioni di 
dettaglio, come la costruzione di finestre 
protettive e di recipienti per il trasporto, 
sono poi esposti in un capitolo a parte 
in cui è anche preso in considerazione il 
costo relativo delle varie strutture. 

Poichè Ia schermatura non può mai, 
in pratica, essere assoluta e poichè essa 
serve assai spesso per proteggere gli ope- 
ratori, è naturale che le attuali cono- 
scenze sugli effetti biologici delle radia- 
zioni, almeno per quanto concerne i peri- 
coli per gli esseri umani e le dosi che 
possono essere ammesse, costituiscano 
una necessaria premessa a questo studio. 
Questi argomenti sono esposti all’inizio 
del volume in un capitolo riassuntivo, 
completato, come tutti gli altri, da pre- 
ziosa bibliografia. 

Le formule matematiche più impor- 
tanti sono discusse in un capitolo a parte 
che contiene i diagrammi delle funzioni 
che compaiono nel calcolo degli schermi. 

Ii volume è aggiornato al 1957; esso 
appare un’utile guida sia per lo studio 
che per il progetto e, dati i numerosi 
argomenti trattati, che vanno ben oltre 
i limiti del calcolo degli schermi, può 
presentare interesse per una larga cer- 
chia di lettori. 

FRANCO A. LEVI 
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G. W. SERIES, Spectrum of Atomic 
Hydrogen, Oxford University Press 
1957, pag. VII, 88, prezzo 8s. 6d. 


Questo è il secondo volume della 
serie «Oxford Library of the Physical 
Science » (il primo volume della serie fu 
quello di Blin-Stoyle sui momenti nu- 
clear). 

Lo scopo principale del libro è quello 
di offrire una esposizione dei recenti la- 
vori sui Lamb shift insieme ad una illu- 
delle relative teoriche. 
Tuttavia una prima parte del volume 
dà un quadro piuttosto completo anche 
del lavoro precedente sullo spettro del- 
l’atomo di idrogeno. 

Il primo capitolo, introduttivo, dà 
una sommaria descrizione del contenuto. 
Il secondo capitolo contiene una prima 
descrizione degli esperimenti principali 


strazione idee 


di spettroscopia dell’atomo di idrogeno. 
Il terzo, quarto e quinto capitolo sono 
dedicati alla vecchia meccanica quanti- 
stica ed alle sue verifiche sperimentali. 
Il capitolo sesto introduce la nuova mec- 
canica quantistica e si spinge sino alla 
equazione di Dirac ed al calcolo delle 
probabilità di transizione. Il capitolo set- 
timo accenna al lavoro sperimentale 
svolto per confermare la teoria di Dirac. 
L’impossibilità di ottenere una conferma 
decisiva della teoria (a causa principal- 
mente delle discrepanze tra i risultati di 
R. C. WILLIAMS e quelli di DRINKWATER, 
RICHARDSON e W. E. WILLIAMS) spinse 
LAMB e RETHERFORD a tentare nel 1945 
con una tecnica originale l’ormai famoso 


esperimento sulla riga H, che, confer- 
mando i risultati di R. C. WILLIAMS, 
mostrò l’inadeguatezza della teoria di 
Dirac. I punti salienti dell’esperimento 
sono descritti nel capitolo ottavo. Nel 
capitolo nono vengono riportate le spie- 
gazioni proposte per il Lamb shift, che 
formarono la base fisica per gli sviluppi 
recenti dell’elettrodinamica e della teoria 
dei campi. Vengono riportati i calcoli 
di Bethe e di Welton. Il capitolo decimo 
descrive tutto il successivo lavoro speri- 
mentale sui Lamb shift in idrogeno, 
deuterio, tritio e delio. Il capitolo undi- 
cesimo è dedicato alle teorie della strut- 
tura iperfina, dalla teoria originale di 
Fermi alle successive teorie elettrodina- 
miche. Infine il capitolo dodicesimo dà 
una breve ma accurata esposizione degli 
esperimenti sul positronio ed un cenno 
alle teorie relative. 

Non ci si può naturalmente aspettare 
in un piccolo volume di meno di cento 
pagine una esposizione completa o molto 
dettagliata delle tante questioni trattate. 
Le principali idee sono però esposte 
con molta chiarezza e con particolare 
insistenza sul loro contenuto fisico. Per 
maggiori dettagli l’autore rimanda ai 
lavori originali ogni volta citati nella 
accurata bibliografia. In conclusione rite- 
niamo che il libro, accuratamente scritto 
e di concezione piuttosto moderna, possa 
servire come guida, da estendere oppor- 
tunamente, per la parte dei nostri corsi 
di spettroscopia relativa all’atomo di 
idrogeno. 

R. GATTO 
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